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EDITORIAL

Dear Readers,

This year’s Nobel Prize in Physics celebrates a feat that sounds like science fiction: macroscopic quantum
tunnelling and energy quantisation in an electric circuit. The prize was awarded jointly to John Clarke,
Michel H. Devoret, and John M. Martinis “for the discovery of macroscopic quantum-mechanical
tunnelling and energy quantisation in an electric circuit”.

Quantum mechanics has always carried a whiff of the mystical. Electrons can tunnel through barriers
they shouldn’t cross; atoms can be in two places at once. But until a few decades ago, such behaviour
seemed confined to the microscopic realm. Larger systems, messy and noisy, were thought to lose their
“quantumness” through decoherence. Then came the superconducting circuit. By cooling metal loops to
a few mK and designing them with exquisite care, Clarke, Devoret, and Martinis demonstrated that an
entire macroscopic electric circuit could behave quantum-mechanically—exhibiting quantised energy
levels and tunnelling phenomena

One of the phenomena honoured this year is macroscopic quantum tunnelling. In essence, a current
trapped in a potential well can “leak” through an energy barrier without climbing over it—thanks
to quantum mechanics. The twist: the “particle” doing the tunnelling isn’t a single electron but the
collective state of many electrons in the superconducting circuit. Imagine a whole marching band
ghosting through a wall in perfect formation. That this can happen in a device you can hold in your
hand is remarkable. Such experiments form the technological underpinnings of superconducting qubits,
Josephson junctions, and SQUIDs.

For decades physicists asked: where does quantum behaviour give way to classical reality? These
experiments show that the divide is more illusion than boundary. Under the right conditions—near
absolute zero, perfect isolation, and clever engineering—even macroscopic systems can obey the
Schrödinger equation. The implication is profound: the classical world isn’t a different realm; it’s just
what quantum mechanics looks like when blurred by noise and measurement.

A century ago, Schrödinger’s cat was a metaphor. Today, it’s hardware. The same principles that
puzzled philosophers now power real superconducting qubits and quantum technologies. The 2025
Nobel honours more than a clever experiment—it honours a paradigm shift: physics stepping off the
chalkboard and into the fabrication lab. Clarke, Devoret, and Martinis didn’t just prove a point; they
enabled a new age of quantum engineering.

One hundred years after quantum mechanics emerged, the boundary between the microscopic and
the macroscopic is dissolving. The 2025 Nobel Prize in Physics reminds us: the quantum world isn’t
elsewhere—it’s right here, humming quietly in a superconducting loop in a fridge at a few mK.

Fabrice Louche
Editor in Chief
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Leveraging modular values in
quantum algorithms:

the Deutsch-Jozsa algorithm

Lorena Ballesteros Ferraz 1,2,3, Timoteo Carletti 2,4, and Yves Caudano 1,2,3

1naXys, Namur Institute for Complex Systems, University of Namur, Belgium
2NISM, Namur Institute of Structured Matter, University of Namur, Belgium

3Research Unit Lasers and Spectroscopies (UR-LLS), Department of Physics, University of Namur, Belgium
4Department of Mathematics, University of Namur, Belgium

We present a novel approach to quantum algorithms, by taking advantage of modular
values, i.e., complex and unbounded quantities resulting from specific post-selected
measurement scenarios. Our focus is on the problem of ascertaining whether a given
function acting on a set of binary values is constant (uniformly yielding outputs of either all
0 or all 1), or balanced (a situation wherein half of the outputs are 0 and the other half are
1). Such problem can be solved by relying on the Deutsch-Jozsa algorithm. The proposed
method, relying on the use of modular values, provides a high number of degrees of freedom
for optimizing the new algorithm inspired from the Deutsch-Jozsa one. In particular, we
explore meticulously the choices of the pre- and post-selected states. We eventually test
the novel theoretical algorithm on a quantum computing platform. While the outcomes
are currently not on par with the conventional approach, they nevertheless shed light on
potential for future improvements, especially with less-optimized algorithms. We are thus
confidend that the proposed proof of concept could prove its validity in bridging quantum
algorithms and modular values research fields.

Introduction

Numerous quantum algorithms have demonstrated
theoretically superior efficiency compared to their
presently known classical counterparts, with
historical examples including database search
[1] and integer factorization [2]. Among the
earliest instances of this superiority are the
Deutsch algorithm [3] and its generalization, the
Deutsch-Jozsa algorithm [4]. The Deutsh-Jozsa
algorithm addresses the verification of whether
a binary function acting on n classical bits, f :
{0, 1}n → {0, 1}, is balanced or constant. The
function is constant if it has the same output

for all possible values of the n input bits, while
it is balanced if it is equal to 0 for exactly half
of the possible values of the input bits (and 1
for the other half). Remarkably, the quantum
approach accomplishes this task in a single step,
while the best classical algorithm necessitates 2n − 1
repetitions in the worst-case scenario.

A weak value Aw =
⟨ψ f |Â|ψi⟩
⟨ψ f |ψi⟩ is an unbounded

complex number involving a Hermitian operator
Â, as well as an initial state |ψi⟩ and a final state∣∣ψ f
〉
, respectively called pre- and post-selected

states in this context. The concept of weak
values of observables arises from a quantum
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process, called weak measurement, that involves
pre- and post-selection, as introduced in the work of
Aharonov, Albert, and Vaidman (AAV) in the 1980s
[5]. In this protocol, the whole quantum system is
composed of an ancillary component acting as a
measuring device and a primary system of interest.
At the outset, this combined entity is described
by the separable quantum state |Ψ⟩ = |ψi⟩ ⊗ |ϕ⟩,
where the pre-selected state |ψi⟩ is the state in
which the system of interest is set prior to the
measurement, while |ϕ⟩ represents the initial state
of the ancillary component. The protocol unfolds
in four steps. Initially, the system’s pre-selection
occurs, involving the selection of the initial state
|ψi⟩ of the system of interest and the preparation of
the ancillary state |ϕ⟩. Subsequently, an interaction
occurs between the system and the ancillary
component, which is mathematically modeled by
the Hamiltonian operator Ĥ = h̄ g(t) Â⊗ p̂ inspired
from the von Neumann protocol for quantum
measurement. Here, the coupling parameter g(t)
determines the interaction coupling strength, which
typically emerges as a small factor in the process,
approximately given by γ =

∫ t f
ti

g(t) dt ≪ 1 [5],
where t f − ti is the short interaction duration. The
operator p̂ represents the momentum operator
of the measuring device. The observable Â
corresponds to the physical quantity probed by the
protocol. The (weak) interaction entangles (slightly)
the system of interest and the ancillary component.
Finally, a post-selection stage follows: it involves a
projective measurement and filtering applied to the
system, throwing away cases in which the system
of interest does not end up in the desired final state∣∣ψ f
〉
. Conditioned on a successful post-selection of∣∣ψ f
〉
, a measurement of the ancillary component

is performed to extract information about the
weak value, obtained from the shift of the average
of a meter observable. Typically, the ancilla’s
wavefunction in position representation is shifted
by the real part of the weak value, while the
ancilla’s wavefunction in momentum representation
is shifted by the imaginary part of the weak value.
The modular value, expressed as

Am =

〈
ψ f
∣∣ e−ikÂ |ψi⟩〈
ψ f
∣∣ψi
〉 , (1)

arises from a protocol similar to the one of weak
measurements, in which pre- and post-selection is
necessary. However, modular values are unique as

they are associated with interactions of any strength
because they involve a qubit as the ancillary meter
component [6], rendering a weak coupling between
the system and ancilla unnecessary to evaluate the
final meter state in practice. After the process of
pre-selection, interaction and post-selection, the
final meter state takes the form,

1√
N

(
α |0⟩+ β

〈
ψ f
∣∣ e−ikA |ψi⟩〈
ψ f
∣∣ψi
〉 |1⟩

)
(2)

=
1√
N

(α |0⟩+ βAm |1⟩) ,

where the value 1√
N

is a normalization factor [6]
and α |0⟩+ β |1⟩ is the meter initial state (prior to
its interaction with the system of interest).
Modular values exhibit strong similarity to weak
values under specific circumstances, particularly
when k is small, so that the exponential can
be approximated by using a Taylor expansion.
Remarkably, the modular value represents a
weak value of a unitary observable, when the
unitary operator is also Hermitian. In recent
years, both quantum weak values and modular
values have garnered considerable attention due
to their wide-ranging applications in various
fields, such as quantum foundations [7, 8, 9, 10],
quantum tomography [11, 12, 13], and particularly
in quantum metrology [14, 15, 16, 17] and
measurements [18, 19, 20, 21, 22, 23] in general.
The intriguing quantum phenomena associated
with weak and modular values hold significant
promise for advancing our understanding of
quantum mechanics and finding practical uses in
cutting-edge technologies.
This paper introduces a novel approach to
implementing quantum algorithms by leveraging
the unique characteristics of modular values, in
practice by calculating the modular value of the
oracle involved in a quantum algorithm. Our
proposed procedure capitalizes on the degrees of
freedom inherent to modular values, including the
fact that they are complex numbers. However, it
is worth noting that this method necessitates the
use of one extra qubit to facilitate the readout of
the result obtained from the quantum modular
value. The model can be applied to various
algorithms. Our work bridges two captivating
quantum research fields, whose links remained
elusive, urging us to explore connections between
quantum algorithms and weak and modular values.
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While isolated studies have been conducted in this
area [24], a comprehensive theoretical framework is
yet to be established.
This paper is structured as follows. The initial
section introduces a comprehensive approach to
address quantum algorithms through modular
values. Subsequently, these findings are applied
to the distinct scenario associated with the
Deutsch-Jozsa algorithm. Following this, we
explore the diverse options for choosing adequately
the pre- and post-selected states connected
with the modular value. Furthermore, the
outcomes of implementing this algorithm on an
actual quantum computer—the IBM quantum
computer—are showcased. Ultimately, the paper
concludes by summarizing its contributions and
outlining potential future directions.

1 Exploring the implementation of
quantum algorithm via modular
values of oracles

In this section, we provide a detailed procedure for
tackling quantum algorithms using modular values.
Our method involves carrying out a measurement
with pre- and post-selection to the oracle. Oracles
play a critical role in constructing algorithms in
quantum computers [25, 26]. Essentially, an oracle
is a black box that realizes unknown operations
to the person executing the experiment. Oracles
are implemented by using unitary operations and
are commonly employed in quantum algorithms,
such as the Deutsch-Jozsa algorithm and Grover’s
algorithm [1, 4].
As illustrated in Fig. 1, the complete quantum
system used in our algorithm comprises n + 1
qubits, with n qubits for executing the oracle
(playing the role of the system of interest in the
modular value measurement scheme) and one for
the readout process (playing the role of the ancillary
meter component). The algorithm consists of three
main parts: (1) pre-selection of the oracle input state
and preparation of the ancilla’s state, (2) controlled
oracle application, and (3) post-selection on the
system to the final state and readout of the oracle
to extract information related to the modular value.
Finally, the measurement of the modular value
unfolds by measuring the meter qubit (in case of
successful post-selection).

Figure 1: The proposed model consists of n qubits plus a
qubit meter that together form the full system. To
prepare the system for the experiment, we first apply
n unitary operators to the first n qubits to take
them to the pre-selected state |ψi⟩. We also use a
unitary operator to set the qubit meter to its initial
state. Next, we apply the controlled oracle to the
system. To post-select, we apply additional unitary
operators that could involve one or several qubits of
the system. Finally, we measure the state of the full
system in the computational basis, and the results
of the joint measurement are then processed only
on the condition of successful post-selection

To begin, we take the oracle subsystem’s n qubits
to the pre-selected state

|ψi⟩ =
∣∣∣ψ1

i

〉
⊗
∣∣ψ2

i
〉
⊗ ... ⊗ |ψn

i ⟩ , (3)

by using unitary operators. The initial state of the
meter, denoted as the projector Π̂m, is defined as

Π̂m⃗ =
1
2

(
Î + m⃗ · ˆ⃗σ

)
, (4)

where m⃗ represents the state on the Bloch sphere,
and Î is the identity operator. To obtain this initial
state, we employ a unitary operator.
Subsequently, we apply the following nonlocal
unitary operator to the entire system, comprising
the oracle subsystem and the meter:

ÛGATE = Π̂r⃗ ⊗ Î + Π̂−⃗r ⊗ ÛO. (5)

In this expression, ÛO represents the oracle
employed in the experiment, while Π̂r⃗ and Π̂−⃗r
are projectors applied to the ancillary space. These
projectors can be expressed in terms of the vector
±⃗r on the Bloch sphere as follows:

Π̂±⃗r =
1
2

(
Î ± r⃗ · ˆ⃗σ

)
. (6)
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The unitary operator ÛGATE facilitates a controlled
evolution of the oracle subsystem. When the
ancillary projector is Π̂r⃗, the oracle subsystem
does not evolve as it undergoes only the identity
operation. Conversely, when the ancillary projector
is Π̂−⃗r, the oracle subsystem experiences the
application of the oracle operator ÛO. In the
case of an ancillary state corresponding to a linear
combination of these two scenarios, the superposed
effect of both operators is applied to the oracle
subsystem.
To complete the procedure, we post-select the oracle
subsystem qubits to

∣∣ψ f
〉
. Finally, by measuring the

spin operator in the direction q⃗,

σ̂q = Π̂+q⃗ − Π̂−q⃗, (7)

we extract the information on the modular value
upon successful post-selection. After some
mathematical development shown in [27], the joint
probabilities of finding the n qubits of the system
in the composite state in

∣∣ψ f
〉

and the meter in ±q
are computed from

P±q⃗
joint = Tr

[(∣∣ψ f
〉 〈

ψ f
∣∣⊗ Π̂±q⃗

)
ρ̂
]

, (8)

where ρ̂ is the state of the full system after the
controlled application of the oracle. When applying
the quantum eraser condition r⃗ · q⃗ = 0 on the meter
measurement basis1, the joint probabilities take the
form

P±q⃗
joint =

1
4
{(1 + r⃗ · m⃗) |

〈
ψ f
∣∣ψi
〉
|2 (9)

+ (1 − r⃗ · m⃗) |
〈
ψ f
∣∣ ÛO |ψi⟩|2

± 2 (m⃗ · q⃗)Re
(〈

ψ f
∣∣ ÛO |ψi⟩

〈
ψi
∣∣ψ f
〉)

± 2 [(⃗r × m⃗) · q⃗] Im
(〈

ψ f
∣∣ ÛO |ψi⟩

〈
ψi
∣∣ψ f
〉)
}.

1Selecting two quantum states that are orthogonal on
the Bloch sphere, expressed as r⃗ · q⃗ = 0, maximizes
the interference between different pathways during the
meter measurement. In this configuration, the nonlocal
gate action arises as a superposition of both ÛO and
Î, by causing a loss of information about the gate
action. This particular circumstance is referred to as the
“quantum eraser” condition, a term frequently employed
in interferometer experiments to eliminate the knowledge
of a particle’s path. For instance, by applying a linear
polarizer can erase the information regarding whether the
polarization is circular left or right. All linear polarizations
lie orthogonal on the Poincaré sphere to both left and right
circular polarizations.

The expected value of the spin operator in the meter
is [27],

σ̄m
q = 2

(m⃗ · q⃗)ReOm + [(⃗r × m⃗) · q⃗] ImOm

(1 + r⃗ · m⃗) + (1 − r⃗ · m⃗) |Om|2
(10)

=
P+q⃗

joint − P−q⃗
joint

P+q⃗
joint + P−q⃗

joint

,

where the modular value is

Om =

〈
ψ f
∣∣ ÛO |ψi⟩〈
ψ f
∣∣ψi
〉 . (11)

The qubit meter measurement extracts thus
information on the modular value of the oracle,
which in turn provides information relevant to
solving the problem at hand, as will be illustrated
in the following two sections. We note in particular
that by choosing appropriate relative orientations
of the meter directions m⃗, r⃗, and q⃗, it is possible to
select the real of the imaginary part of the modular
value in the numerator of expression (10).
In full generality, we can already state that to
determine the required number of repetitions of the
algorithm to obtain enough statistics to solve the
initial problem, we need to evaluate the probability
of post-selection, which is denoted at first order as

p = |
〈
ψ f
∣∣ψi
〉
|2, (12)

and the visibility that measures the contrast
between joint probabilities that we measure, which
is given by

V =
Pmax − Pmin

Pmax + Pmin
. (13)

Pmin represents the minimum joint probability
between P+q⃗

joint and P−q⃗
joint, while Pmax corresponds

to the maximum joint probability. In each
particular case, the determination of the maximum
and minimum joint probabilities is essential and
can be achieved by considering the expression
provided in Eq. 9. When employing this approach,
there exist various degrees of freedom that can
be optimized based on specific experimental
conditions. These include selecting the pre- and
post-selected states, choosing the meter state, and
determining the operator to be measured in the
meter. Additionally, alternative experimental
approaches can be explored, which may lead
to the emergence of modular values and the
development of novel methods for executing
quantum algorithms.

Belgian Journal of Physics – Vol.01 Issue 09 (2025) 6



FEATURED ARTICLE

2 Standard quantum
Deutsch-Jozsa algorithm

The Deutsch-Jozsa algorithm aims to determine
whether a given function f (x) : {0, 1}n−1 → {0, 1}
is constant or balanced. A constant function assigns
the same value (either 0 or 1) to all the inputs,
whereas a balanced function assigns the value 1 to
exactly half of the inputs and the value 0 to the
other half. Table 1 shows the different possibilities
for the Deutsch-Jozsa algorithm for a function f (x)
with two-bit inputs (there are thus four possible
inputs with two bits: 00, 01, 10, and 11).

Balanced
f (00) f (01) f (10) f (11)

0 0 1 1
0 1 0 1
0 1 1 0
1 1 0 0
1 0 1 0
1 0 0 1

Constant
f (00) f (01) f (10) f (11)

0 0 0 0
1 1 1 1

Table 1: All the possible combinations of two-bit inputs and
single-bit outputs that result in either a constant or
a balanced function.

In 1992, Deutsch and Jozsa introduced a
groundbreaking quantum circuit that solves this
problem in a single step, providing a significant
advantage over the classical counterpart. In
the worst-case scenario, the classical approach
requires 2n−1 repetitions, where 2n−1 represents
the total number of different inputs for the function.
However, by leveraging qubits, we can exploit the
fact that 2n−1 corresponds to the dimensionality
of the space formed by n − 1 qubits. Thus, we
can effectively employ n − 1 qubits to generate
the entire set of 2n−1 inputs. In stark contrast to
classical approaches, the quantum circuit designed
by Deutsch and Jozsa achieves the same result
efficiently. The quantum circuit is depicted in
Fig. 2, showcasing its elegance and simplicity. To
tackle the problem with 2n−1 inputs, the algorithm

mandates the utilization of n qubits. To address
a problem involving a function with all possible
combinations of n− 1 qubits as input, it is necessary
to utilize a total of n qubits. The first n − 1 qubits
are initialized in the state |0⟩, while the remaining
qubit is initialized in the state |1⟩. This initialization
results in the following state:

|ψ0⟩ = |0⟩⊗(n−1) |1⟩ (14)

where |0⟩⊗(n−1) is a compact notation for the tensor
product of n− 1 state kets |0⟩, i. e. |0⟩⊗ |0⟩ . . .⊗ |0⟩,
and the basis has been chosen as

|0⟩ =
(

1
0

)
|1⟩ =

(
0
1

)
. (15)

The first step consists of applying the Hadamard
gate, Ĥ,

Ĥ =
1√
2

(
1 1
1 −1

)
(16)

to all n− 1 qubits. The state after the transformation
is

|ψ1⟩ =
1√
2n

(|0⟩+ |1⟩)⊗n−1 (|0⟩ − |1⟩) (17)

= ∑
x∈{0,1}n−1

1√
2n

|x⟩ (|0⟩ − |1⟩) ,

where |x⟩ are all the 2n−1 states of the basis with
n − 1 qubits.
After applying the Hadamard gates, the oracle is
applied to the n qubits. The oracle acts as

Û f |x, y⟩ → |x, y ⊕ f (x)⟩ , (18)

where ⊕ represents the addition modulo 2, that is
0 if both terms are equal and 1 if both terms are
different

0 ⊕ 0 = 0 (19)

0 ⊕ 1 = 1

1 ⊕ 0 = 1

1 ⊕ 1 = 0.

The resulting state after the application of the oracle
is:

|ψ2⟩ = ∑
x∈{0,1}n−1

1√
2n

|x⟩ (|0 ⊕ f (x)⟩ − |1 ⊕ f (x)⟩)

= ∑
x∈{0,1}n−1

(−1) f (x)
√

2n
|x⟩ (|0⟩ − |1⟩) . (20)

Belgian Journal of Physics – Vol.01 Issue 09 (2025) 7



FEATURED ARTICLE

Figure 2: Deutsch-Jozsa quantum circuit, where U f is the oracle, H is the Hadamard gate, and the states |ψ0⟩, |ψ1⟩,
|ψ2⟩, and |ψ3⟩ are detailed in the text. Modified from Peplm, https://commons.wikimedia.org/wiki/File:Deutsch-
Jozsa-algorithm-quantum-circuit.png, accessed on the 9th of May 2023.

In Eq. 20, we make use of the property
that |0 ⊕ f (x)⟩ = | f (x)⟩, while |1 ⊕ f (x)⟩ =

|1 − f (x)⟩.
Subsequently, Hadamard gates, denoted as Ĥ⊗(n−1),
are applied to the first n − 1 qubits. The application
of n − 1 Hadamard gates to an n − 1-qubit state can
be expressed as:

Ĥ⊗n−1 |x1, . . . , xn−1⟩ (21)

=
∑z1,...,zn−1

(−1)x1z1+...+xn−1zn−1 |z1, . . . , zn−1⟩√
2n−1

,

where xi are the components of the state |x⟩,
while zi are the ones of the state |z⟩, hence every
component is either a 0 or a 1.
The notation can be simplified as

Ĥ⊗(n−1) |x⟩ = ∑z (−1)x·z |z⟩√
2n−1

, (22)

where x · z is the inner product of x and z, modulo
2. Finally, the state |ψ3⟩ is obtained after applying
the Hadamard gate to the first n − 1 qubits,

|ψ3⟩ = ∑
z1,...,zn−1

∑
x1,...,zn−1

1√
2n

(−1)x·z+ f (x) |z⟩ (|0⟩ − |1⟩)

(23)
Eventually, if we measure in the {|0⟩ , |1⟩}n−1 basis
the n − 1 first qubits, the probability of obtaining
the state |0⟩⊗(n−1) would be,∣∣∣∣∣ 1

2n−1

2n−1−1

∑
x=0

(−1) f (x)

∣∣∣∣∣. (24)

Consequently, if the measurement result is
|0⟩⊗(n−1), the function is constant, whereas if the
measurement result is different from |0⟩⊗(n−1), the
function is balanced. By applying the algorithm
once, we can determine with certainty whether the

function is balanced or constant.
Although the Deutsch-Jozsa algorithm does not
have any real-world applications, it was one of the
first quantum algorithms to demonstrate a clear
advantage over its classical counterpart.

3 Deutsch-Jozsa-inspired
algorithm by using modular
values

In the previous section, we discussed the
conventional method for solving the Deutsch-Jozsa
problem. In this section, we explore an alternative
approach by calculating the modular value of the
standard oracle operator ÛO. When solving the
problem with 2n−1 possible inputs, the oracle is
applied to n qubits. As a result, the pre- and
post-selected states in our procedure correspond
to n-qubit states. To extract the modular value,
an additional qubit, known as the ancilla qubit,
is required. Therefore, a total of n + 1 qubits are
needed in our approach. The application of the
oracle can be expressed as

ÛO (|x⟩ |y⟩) = |x⟩ |y ⊕ f (x)⟩ . (25)

The algorithm can be implemented by calculating
the modular value of the oracle in systems of any
dimension.
The Deutsch-Jozsa problem for a function of 4
different inputs (all possible values of two bits)
requires two qubits for the oracle, and thus three
qubits in total in order to evaluate the modular
value of the oracle, as seen in the previous
section. In the modular value approach, the oracle
subsystem spans thus two qubits, while we need
an extra qubit to act as the ancilla. With these

Belgian Journal of Physics – Vol.01 Issue 09 (2025) 8
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dimensions, the chosen pre- and post-selected states
are:

|ψi⟩ =
1√
8
(|0⟩+ |1⟩)⊗ (|0⟩+ |1⟩) (26)

⊗ (|0⟩ − |1⟩)

=
1√
8
(|000⟩+ |010⟩+ |100⟩+ |110⟩

− |001⟩ − |011⟩ − |101⟩ − |111⟩)∣∣ψ f
〉

=
1√
11

(−2i |000⟩ − i |010⟩+ i |001⟩

+ i |011⟩+ |100⟩+ |110⟩ − |101⟩ − |111⟩).

The probability of post-selection in this case is
given by p = |

〈
ψ f
∣∣ψi
〉
|2 = 41

88 ≈ 0.47, which
is slightly below one-half. Consequently, on
average, two attempts are needed to achieve
successful post-selection. When the function f (x) :
{0, 1}n−1 → {0, 1} is constant, meaning that f (x) is
either 0 or 1 for all x, the numerator of the modular
value is equal to the denominator or its opposite.
Thus, the modular value is either 1 or −1, resulting
in a purely real value. On the other hand, when the
function f (x) : {0, 1}n → {0, 1} is balanced, with
half of the terms f (x) equal to 1 and the other half
equal to 0, the modular values possess an imaginary
part for all possible balanced combinations of f (x).

In Table 2, all balanced possibilities using three
qubits (two qubit inputs and one ancilla) are
presented. All modular values have an imaginary
part, which allows for discrimination between
balanced and constant functions by measuring
this part. This process is easily generalized to
the algorithm with n + 1 qubits (the n qubits
of the Deutsch-Jozsa algorithm plus the ancilla).
In this case, the pre-selected state is the natural
generalization of the previous case

|ψi⟩ =
1√
2n

(|0⟩+ |1⟩)⊗(n−1) (|0⟩ − |1⟩) . (27)

The post-selected state is generalized from the
three-qubit case,∣∣ψ f

〉
=

1√
2n + 3

(−2i |00...0⟩+ i |00...0...01⟩(28)

+ (−i
2n−2

∑
j=2

∣∣∣0a2...a(2n−1)

〉
j︸ ︷︷ ︸

(2n−1)/2 − 1 first terms with n − 1
qubits without including |000...0⟩

+
2n−1

∑
k=2n−2+1

∣∣∣1b2...b(2n−1)

〉
k︸ ︷︷ ︸

(2n−1)/2 last terms with n − 1 qubits

)

× (|0⟩ − |1⟩))

The probability of post-selection using the states
Eq. 27 and Eq. 28 is

p =
2n (1 + 2n−1)+ 1

2n (3 + 2n)
=

22n−1 + 2n + 1
22n + 3 × 2n , (29)

whose limit when n tends to infinity is 1
2 . Therefore,

on average, two attempts are required for successful
post-selection. In the case where the function
f (x) : {0, 1}n−1 → {0, 1} is constant, the numerator
and denominator of the modular value take the
same value or the opposite value, resulting in
a modular value of either 1 or −1. Conversely,
when the function is balanced, the modular value
presents always an imaginary part. Discrimination
between a real and complex modular value
can be accomplished by selecting appropriate
measurement directions (i.e., vector q⃗) for the
ancillary component. Indeed, the measurement
results provided by Eq. 10 depend on both the
real and imaginary parts of the modular value.
However, by choosing vectors m⃗ and q⃗ that are
perpendicular, the real part does not contribute to
the numerator (because m⃗ · q⃗ = 0 in Eq. 10), so
that a non-zero measurement result indicates that
the modular value possesses a non-zero imaginary
part. Conversely, by choosing vectors such that
(⃗r × m⃗) · q⃗ = 0, only the real part contributes to
the numerator providing the measurement results.
Furthermore, through the meticulous selection of
appropriate pre- and post-selected states, one can
ascertain the specific way in which the function
is balanced among the various possibilities (each
row of the balanced table in Table 1). In such
cases, the modular value associated with the oracle
would vary for each distinct manner of achieving
a balanced function, corresponding to each row in
the balanced table presented in Table 1.
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f (00) f (01) f (10) f (11) Om Re (Om) Im (Om)

0 0 1 1 5i−4
5i+4

9
41

40
41

0 1 0 1 i
5i+4

5
41

4
41

0 1 1 0 i
5i+4

5
41

4
41

1 1 0 0 −5i+4
5i+4 − 9

41 − 40
41

1 0 1 0 −i
5i+4 − 5

41 − 4
41

1 0 0 1 −i
5i+4 − 5

41 − 4
41

Table 2: All the possible combinations to have a balanced function with three qubits and the corresponding modular values.

4 Choice of pre- and post-selected
states in the
Deutsch-Jozsa-inspired
algorithm by using modular
values

In the previous section, we introduced the pre- and
post-selected states for solving the Deutsch-Jozsa
problem using modular values, as described in
Eq. 27 and Eq. 28. However, one might question
the rationale behind this particular choice. Our
objective is to find two quantum states (pre-selected
and post-selected) that yield a non-zero imaginary
part of the weak value of the oracle for all possible
balanced functions f (x), as given in Table 1.
Ideally, we aim to maximize this imaginary part
while minimizing the real part of the modular
value, in order to enhance the visibility defined
in Eq. 13. Additionally, we strive to maximize the
probability of successful post-selection. Hence, we
are confronted with an optimization problem.
In order to explore the entire quantum space, we
conducted a random mapping of the complete state
space for the pre-selected and post-selected states,
both consisting of four-level states (two qubits). The
pseudorandom numbers used were integer values
drawn from a discrete uniform distribution. Fig. 3
showcases the resulting average visibility of all
combinations of the balanced function, which are
further detailed in Table 1, as a function of the
probability of post-selection. In this particular case,
we have chosen to focus on separable states, as they
are easier to generate using quantum gates, such as
those available in the IBM quantum computer. As
depicted in the plot, there is a trade-off that needs
to be considered. On one hand, we can achieve a
very high probability of post-selection, but at the
cost of lower visibility. On the other hand, we can

Figure 3: Average visibility as a function of the probability
of post-selection in the Deutsch-Jozsa problem for
the 2 qubits case. All pre- and post-selected
states are separable two-qubit states and are
generated randomly. Our criteria for selecting
these states were to ensure that, for each balanced
function, the imaginary part of the weak value
of the oracle is greater than 0.1, each individual
visibility is greater than 0.4, and the probability of
post-selection is greater than 0.5. By imposing these
conditions, we aim to strike a balance between a
high post-selection probability, and strong visibility
to ensure the ability to distinguish between constant
and balanced functions.

enhance the visibility, but with a decrease in the
probability of successful post-selection.
Alternatively, we can explore the space of
non-separable states (including separable ones)
as a potential solution. In Fig. 4, we present
a denser plot where we consider both separable
and non-separable states. This broader range
of states offers more possibilities for achieving
intermediate values of average visibility in relation
to the probability of post-selection. It was
expected that including non-separable states would
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Figure 4: Average visibility as a function of the probability of
post-selection in the Deutsch-Jozsa problem for the
2 qubits case. All pre- and post-selected states are
generated randomly without constraint (a typical
state will thus be non-separable). Average visibility
in terms of the probability of post-selection for
randomly generated two-qubit non-separable and
separable pre- and post-selected states in the context
of the Deutsch-Jozsa problem. For this analysis, we
have imposed a minimum threshold of 0.1 for the
imaginary part of each weak value of the oracle,
considering all balanced functions. Additionally,
each individual visibility is required to exceed 0.4,
and the probability of post-selection must be greater
than 0.5.

provide additional options beyond the separable
ones. When aiming for low visibility (around
0.4) and high post-selection probability (around
0.8), the benefit of incorporating non-separable
states is limited. However, when targeting a
lower probability of post-selection (around 0.5),
we observe points on the plot that yield improved
average visibility values exceeding 0.8. Interestingly,
we observe the emergence of a distinct trend in the
form of a dividing line, which seems to move up
when non-separable states are considered. This
suggests that there is a clear boundary beyond
which points are not found above the line. It is
worth noting that by choosing non-separable states
introduces additional complexity in generating such
states on a quantum computer. This typically
involves utilizing multi-qubit gates such as the
CNOT or the TOFFOLI gates. Despite the
challenges involved, non-separable states offer
potential advantages, as demonstrated by the
improved average visibility and probability of

post-selection in certain regions of the plot. Given
the trade-off between selecting separable and
non-separable states, we opted for simplicity in
the implementation of the Deutsch-Jozsa problem
on the IBM quantum computer in the subsequent
section. We specifically chose straightforward pre-
and post-selected states that enable differentiation
between only one particular balanced function, and
constant functions. This decision was motivated by
the difficulty of implementing more complex states
using the available gates.

5 Implementation of the the
Deutsch-Jozsa-inspired
algorithm by using modular
values in the IBM quantum
computer

To experimentally implement our algorithm
tackling the Deutsch-Jozsa problem, we can follow
the scheme shown in Fig. 1. In this approach, we
need to select the initial state of the meter, denoted
by |m⟩ (Eq. 4), the projectors Π̂±⃗r (Eq. 6), and the
final state measured in the meter, denoted by |q⟩
(Eq. 7). We should impose r⃗ · q⃗ = 0 to satisfy the
quantum eraser condition. Additionally, we choose
to enforce m⃗ · q⃗ = 0 in order to have direct access
to the imaginary part of the modular value (see
Eq. 10). The initial meter state corresponds thus to

Π̂m⃗ =
1
2
(

Î + σ̂z
)

, (30)

where m⃗ = (0, 0, 1). The projector controlling the
application of the oracle is

Π̂r⃗ =
1
2
(

Î + σ̂x
)

, (31)

where r⃗ = (1, 0, 0). The observable to measure in
the meter is σ̂y, with q⃗ = (0, 1, 0).
Applying the selected states, the average measured
value of σ̂y in the probe is

σ̄m
y =

−2 Im (Om)

1 + |Om|2
. (32)

Taking into account the joint probability values in
this scenario, the visibility is given by

V =
2 |Im (Om) |

1 + |Im (Om) |2 + |Re (Om) |2
. (33)
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It is desirable to achieve a high visibility to
distinguish in fewer repetitions of the experiment
the real part from the imaginary one. In particular,
the maximum visibility V = 1 is reached for
Im (Om) = ±1 and Re (Om) = 0. The closer the
real part to 0, the better; the closer the absolute
value of the imaginary part to 1, the better. This
is equivalent to maximizing 2x

x2+y2+1 with respect
to x and y. For the case of the Deutsch-Jozsa
problem with two qubits, f (x) : {0, 1}2 → {0, 1}
shown in Table 2, the first and third possibilities to
balance the system have a good visibility, while the
others do not. These values can be optimized at the
expense of losing some visibility on the first and
third cases. The number of times the algorithm
should be executed, named shots in the jargon,
depends on the level of uncertainty one is willing
to accept.
We ran the modular value algorithm to solve
the Deutsch-Jozsa problem on the Quito IBM
quantum computer (ibmq_quito), by using modular
values, for one constant and one balanced case.
The pre-selected state is chosen as described in
Eq. 26, and we simplified the post-selected state by
choosing it as follows∣∣ψ f
〉

=
1√
8
(|000⟩+ |010⟩+ i |100⟩ (34)

+ i |110⟩ − |001⟩ − |011⟩ − i |101⟩ − i |111⟩).

The latter state has been chosen, because it can be
easily obtained through simple gates on the IBM
quantum computer. Let us however observe that in
this case, only one type of balanced function can
be discriminated from the constant case, namely
a single raw in the top Table 1. In a next step, it
would be desirable to implement the post-selected
state expressed in Eq. 26. The probability of
post-selection by using the state described in Eq. 34
is p = 1

2 . The states |m⟩, |r⟩, and |q⟩ were chosen as
described earlier.
The circuit applied when the function was constant
is shown in Fig. 5, where no gate was used to create
the oracle, as the circuit is constant, mathematically
represented by the identity operator, Î. The unitary
operators present in Fig. 5 are used to post-select.
They are defined as

Û (θ, ϕ, λ) =

(
cos θ

2 −e−iλ sin θ
2

eiϕ sin θ
2 eϕ+λ cos θ

2

)
. (35)

Basically, we associate the post-selected state to
the result |000⟩, which implies that finding the

system in that state would be equivalent to having
post-selected on the state

∣∣ψ f
〉
. The circuit applied

when the function is balanced, with f (00) =

f (01) = 0 and f (10) = f (11) = 1, is shown in
Fig. 6. The modular value is equal to 1 when the
function is constant, with σ̂m

y = 0, and equal to i
when the function is balanced, with σ̂m

y = −1. The
visibility was 1 for the balanced case and 0 for the
constant case.
Fig. 7 and Fig. 9 portray the averages of the
outcomes of the σ̂y measurements required to solve
the Deutsch-Jozsa problem within the framework of
the modular-value algorithm, when executed on the
IBM Quito quantum computer (ibmq_quito) and
on the IBM simulator_mps (ibmq_simulator_mps).
These results are exhibited as a function of the
repetition count. Correspondingly, Fig. 8 and
Fig. 10 present the post-selection rates for both the
balanced and constant cases run in the quantum
computer and in a simulator. It is noteworthy that
the theoretical post-selection probability stands at
first order at 1

2 , while the value computed through
the IBM quantum simulator reaches 0.51. In the
ibmq_quito, the post-selection rate varies between
0.4 and 0.6, while in the simulator (no errors are
involved), the post-selected rate fluctuates much
less, between 0.47 and 0.53. The determination of
the requisite number of repetitions is contingent
upon the desired data quality and the precision
of the experimental setup. Remarkably, the
distinction between the two cases—constant and
balanced—was successfully accomplished with 32
shots, incorporating unsuccessful post-selections as
well. A pivotal observation is that the ibmq_quito
system is markedly influenced by substantial noise,
as evidenced by a median CNOT error of 6.895e-3
and a median readout error of 3.920e-2. If no
errors were involved in the quantum computer, 8
shots would be enough to differentiate between
balanced and constant, as we can see in Fig. 9.
It is worth emphasizing that this procedure can
also be conducted utilizing alternative experimental
configurations, such as optical systems.

6 Conclusions and perspectives

We have introduced a novel approach for executing
quantum algorithms by using modular values.
This technique is applicable to various quantum
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Figure 5: Circuit diagram for the modular value algorithm for the Deutsch-Jozsa problem with a constant function using 3
qubits and one ancilla qubit. The circuit applies the unitary operator Û

(
π
2 , 0, 0

)
to qubit 0, Û

(
π
2 , 0, π

)
to qubit 1,

Û
(

π
2 , 0, π

2
)

to qubit 2, and Û
(

π
2 , 0, π

2
)

to qubit 3. Figure produced with https://quantum-computing.ibm.com.

Figure 6: The circuit diagram illustrates the implementation of the modular value algorithm for the Deutsch-Jozsa problem for
the balanced case, using a 3-qubit system and one ancilla qubit. The gates applied to each qubit are Û (π/2, 0, π)
to qubit 0, Û (π/2, 0, π) to qubit 1, Û (π/2, 0, π/2) to qubit 2, and Û (π/2, 0, π/2) to qubit 3. Figure produced
with https://quantum-computing.ibm.com.

algorithms that involve an oracle. An additional
qubit is needed to read out the modular value
result. The number of shots required depends on
the post-selection probability and visibility. This
procedure can be applied to different experimental
setups such as quantum computers or optical
systems.
This paper presents a method for implementing
algorithms by using modular values in quantum
computers. Despite the considerable noise in the
ibmq_quito quantum computer, with errors on
the order of 10−3 for quantum gates and 10−2

for measuring, we have achieved preliminary
results for the Deutsch-Jozsa problem by using
modular values. No advantages were observed
in that particular case. It requires a significantly
larger number of shots compared to the standard
algorithm, where only one shot is typically
sufficient (if no errors are considered). While
there are various ways to potentially improve
the algorithm, such as selecting appropriate pre-
and post-selected states, it is unlikely to yield

any significant advantages in this scenario. The
probability of post-selection consistently hinders
the efficiency of the modular value-based algorithm
in reaching the correct result expeditiously.
The modular value-based approach demonstrates
significant potential as a more precise alternative
to various algorithms. For instance, in the
Deutsch-Jozsa algorithm, it can discern between the
various manners of achieving a balanced function.
Moreover, this method could also facilitate the
development of new algorithms provided a
quantitative validation is performed.
In general, we have not yet found any experimental
computational advantage over conventional
quantum algorithms. Several questions need to be
addressed to explore this approach further. First,
we need to study all the information provided by
the measurements in the computational basis to
reduce the number of shots required. Post-selection
in the different states of the computational basis
simultaneously could be a possible approach, as we
directly obtain the information when running an
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Figure 7: Mean σ̂y operator measurement outcomes for both
the constant and balanced cases across a range
of shots (8, 16, 32, 64, and 128): experiment
run in the ibmq_quito quantum computer. The
entire procedure has been iterated a total of 12
times for each distinct run count. Furthermore,
to provide a comprehensive representation, the
standard deviation has been incorporated in the
form of error bars.

Figure 8: Experimental average post-selection rate, p, for
varying number of shots: 8, 16, 32, 64, and
128, encompassing both the constant and balanced
scenarios. Experiment run in the ibmq_quito
quantum computer.

algorithm on a quantum computer. Additionally,
we need to investigate the selection of pre- and
post-selected states to increase the algorithm’s
efficiency, specifically by examining the states’
separability. As we have seen, non-separable states
provide a larger parameter space. However, these
states are much more complicated to create by

Figure 9: Mean σ̂y operator measurement outcomes for both
the constant and balanced cases across a range of
shots (8, 16, 32, 64, and 128): experiment run in
the IBM simulator_mps. The entire procedure has
been iterated a total of 12 times for each distinct run
count. Furthermore, to provide a comprehensive
representation, the standard deviation has been
incorporated in the form of error bars.

Figure 10: Experimental average post-selection rate, p, for
varying number of shots: 8, 16, 32, 64,
and 128, encompassing both the constant and
balanced scenarios. Experiment run in the IBM
simulator_mps.

using the common quantum gates. Separable states
can be created by using an individual unitary
transformation in each qubit. This approach is not
always possible for non-separable states. From a
computational perspective, we need to improve
our ability to create non-separable states by using
standard gates.
Finally, modular values are expected to yield
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good results in algorithms that search for small
quantities due to their amplification capability.
For example, we could differentiate between two
almost identical gates. Even though, in that case,
the probability of post-selection would be very
small, the precision that one can reach by using
a modular value-based approach could be better
than by using other standard approaches, at least
in the presence of technical limitations. In the
counterpart, the required number of repetitions of
the algorithm could be very large.
In summary, exploring the applicability of modular
values in various contexts could yield valuable
insights and advancements in the field of quantum
computing.
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To understand chromatin architecture and the functional role of that architecture,
understanding loop formation has become crucial, as loops are involved in condensing
chromosomes during mitosis; isolating structural domains; and allow interactions to occur
between genes and their enhancers or inhibitors. Despite the emergence of increasingly
powerful genome visualization techniques, the high variability in cell populations and the
randomness of conformations still make loop detection a challenge. In this article, a recently
published approach to tackle these issues is summarised and made less technical, giving
intuition to the spectral and neural network methods used.

Introduction

Deoxyribonucleic acid, or DNA, is a huge molecule
build of nucleotides (groups of a sugar, a base and a
phosphate) that are bound together in specific base
pairs to form a double helix structure. This double
helix is wrapped around proteins called histones to
make the DNA more compact in the cell. This DNA
wrapped around the histones with a more-or-less
constant genomic distance between the histones
is called chromatin. All of this is taught in high
school biology, and is standard knowledge by now.
Historically speaking, however, we covered some of
the research of the last two hundred years in biology.
Now we know that sequences of specific nucleotides
(distinguished via the bases) are responsible for the
encoding of our genetic traits and that it is via DNA
that our offspring is given some of our own genetic
information. Imagine Darwin in 1859 with his The
origin of species and his evolution theory, modelling
that we pass on characteristics to offspring, with
DNA only being discovered in 1869, see [7]. By
2003, all the genetic information encoded in human
DNA (called the genome) was mapped and the

Human Genome Project came to an end.

Even though we can all now look up the possible
genes of our DNA, this information is far from the
whole story. Take for example your hair, which
may have some color variations, or even some gray
hairs. Even though they are all hair cells, and all
have the same DNA and the same DNA as a liver
cell, the color is different. This is because not all
the genes that are present are expressed equally in
each cell. Epigenetics is the study of how behaviour
and environment can cause changes in how your
body reads DNA sequences. For example, if the
sun is out and your skin gets more tanned, the
environment is causing a change in the expression
of the genes responsible for melatonin production.
Another example is the (absence of) love of a
parent that can cause reduced (or enhanced) stress
reactions later in life, as evidenced in [9] for rat
pups.

On a molecular level, what are the causes for the
genes to be more or less expressed? One factor is
the compaction of DNA: the tighter it is packed, the
more difficult it is to read, and the less those genes
are expressed. Another factor is the binding of
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molecules like methyl to DNA which form obstacles
for the proper reading of the DNA, see [10] for an
example of this in cells of smokers. A final factor
we list is the presence of loops. Before every gene
there is a promoter region, which intuitively is a
road sign signalling that a gene is about to start,
and that the copying process should start there.
In [2], they show that the close spatial distance of
another region on the DNA, called the enhancer,
can stimulate the copying process. Intuitively, the
enhancer is attracting the proteins so that they know
where the promoter is and can start reading the
DNA. They also showed that this enhancer can be
very far away along the DNA, hence showing that
the enhancer-promoter interaction is dependant
of loops being formed on the DNA (to bring the
enhancer close in spatial distance to the promoter).

By now, the loop extrusion mechanism is the
standard model to explain how chromatin loops
are formed. In this model, an SMC-protein
(structural maintenance of chromatin) is bound to
the DNA at some location, and then starts actively
pulling the DNA on both sides to form a loop.
This process continues until the right proteins are
encountered that can bind the ends of the loop and
the SMC-protein can detach. To experimentally
follow this process, which is already being done, it
is fundamental that the loop anchors are known in
advance in order to measure their movements.

Clearly, loops are crucial for general compaction
in the cell and for gene expression regulation
via the enhancer-promoter interaction. Hence,
detecting them is crucial as well. For this, most
often Hi-C methods are employed. Intuitively,
in these methods, the chromatin is immersed in
glue and then cut into pieces. All these pieces
are then examined, and if two pieces that are
not next to each other are glued together, one
knows that those parts of the chromatin were
originally in close proximity. By repeating this
process many times, a contact probability map
is made, where a high probability of contact
indicates the presence of a loop in the ensemble
of chromatin. Unfortunately, this method destroys
the chromatin in the process, and does not allow
for a 3D reconstruction of the chromatin. Moreover,
it averages over all the measurements, so loops
that occur in a small part of the population may
be averaged away. To overcome these difficulties,
fluorescence in situ hybridisation, or FISH, has been

developed. Also note that there are many more
advanced techniques that are based on FISH, such
as high resolution FISH and MERFISH. In these
methods, fluorescent probes are bound to specific
locations of the DNA and are monitored with
microscopes. Skipping a lot of details, the method
allows for a 3D-reconstruction of every single
measured chromatin strand. Unfortunately, these
outputs are most often analysed as if they were
Hi-C measurements, by making an average distance
map of all the measurements and interpreting this
as a contact probability map.

Innovative methods are clearly needed to fully
exploit this new data that FISH offers. In our
work, we addressed the possibility of characterizing
chromatin loops through an alternative approach
based on the spectral representation of chain
configurations, thereby leveraging the whole
information of chain 3D spatial arrangement offered
by sequential FISH methods. Additionally, we
constructed neural networks (NN) to segregate
looped and non-looped conformations at the
single-cell level.

This paper is structured as follows. First, we give
a way of modelling the intricate nature of chromatin
in a much simpler way with polymer physics. Then,
it is explained how Fourier analysis can help in
understanding the different scales of the chromatin,
and we construct a topological characteristic of
looped polymers, called the log-spectral ratio Λ.
Moreover, we explain how neural networks can help
understanding the structure of the polymer, once
the log-spectral ratio has pointed at a possible loop.
The log-spectral ratio is applied to an experimental
dataset, and the neural networks are also applied
to obtain further insights in the local architecture of
the chromatin.

Modelling DNA as correlated
random walks

As we have seen in the previous section, DNA
is quite complex to describe, being an enormous
molecule. Even though we understand how
DNA works on a more fundamental level—which
base pairs with which base, and via which
interactions–this is simply too much detail to work
with to describe how DNA as a whole behaves
in a cell (nucleus), both spatial configuration and
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its dynamics. For example, starting from the
fundamental interactions of the hydrogen bonds
and specific atoms, numerically simulating how a
whole chromosome would behave in a cell nucleus
simply takes too many resources. Therefore, we
need coarse grained models to model and better
understand DNA. Coarse grained models are a
type of model that conserves (certain) macroscopic
features, while ignoring microscopic details. The
fundamental assumption behind this is that some
macroscopic features are independent of atomic
structure.

DNA is often modelled with coarse grained models
in statistical physics. The idea is that many of
DNA’s properties come from the fact that it is a long
chain with predominantly short-range interactions.
The simplest model from this point of view, is the
so-called Gaussian chain. In this simplest case,
DNA is modelled as a simple polymer, i.e. a chain
of beads with as only interactions the harmonic
attraction between the two nearest neighbouring
beads. Note that these beads can represent many
things, in function of which scale we are interested
in. For example, in a rather fine coarse grained
model, we can treat each base pair as a bead. In
other contexts, it might be better to model several
thousands of base pairs as a single bead. As
such, the polymer physics approach facilitates a
general treatment of a bead-spring model, where
the physical objects corresponding to a bead can be
chosen according to the situation and the relevance
of different scales. It is well-known–see for example
[6]–that the configurations of these Gaussian chain
polymers are just the result of following a random
walk. Hence, to describe the spatial configuration
of DNA at one time, we can generate a random
walk.

As said earlier, the Gaussian chain is the simplest
model for DNA configurations. To minimally,
yet usefully, extend this model, we can consider
correlated random walks. Imagine a very extended
strand of DNA, then you can say that each bead
of the polymer is positively correlated with the
previous step. Indeed, to extend itself maximally, it
would always walk in the same direction. On the
other hand, to model a maximally compact strand
of DNA, you would want to model the polymer
as a negatively correlated random walk: a step in
one direction has to be compensated with a step
backwards.

To facilitate this modelling, we consider (sampled)
fractional Brownian motion (fBm). This is a
one parameter extension of a random walk,
where the parameter H ∈ [0, 1]–called the Hurst
index–determines the degree of correlation of the
random walk. As H tends to zero, the walk
becomes perfectly negatively correlated, and for H
going to unity, the walk becomes purely positively
correlated. A random walk corresponds to H = 1/2.
To describe such a correlated random walk of length
N, consider the matrix Γ, whose entries are given
by

Γi,j =
i2H + j2H − |i − j|2H

2
1 ≤ i, j ≤ N,

and define the symmetric matrix Σ as a matrix
such that ΣΣ = Γ. Take N samples of white
noise with variance σ2

0 , i.e. samples of a normal
distribution with mean 0 and variance σ2

0 , and
collect these samples in a vector w⃗. The correlated
random walk γ⃗ is defined as γ⃗ = Σw⃗. One can
check that the expected value of γ⃗ is zero, and that
the covariance of γi and γj is given by σ2

0 Γij. In
particular,

√
⟨γ2

n⟩ = σ0nH, which agrees with our
intuition: as H grows small, the walk will barely
leave its initial point; and as H grows larger, the
walk is expected to step further away.

Looped correlated random walks

To model looped DNA configurations, we consider
looped correlated random walks. For this, we start
from a correlated random walk, and bring the ends
together to form a loop. Mathematically, following
[1], this corresponds to changing the process γ⃗ to
the process λ⃗ as

λn = γn −BH(n; 0, N)V, (1)

where V = γN − γ1 is the end-to-end vector and
the bridge function B is given by

BH(n; 0, N) =
1

N2H Γn,N .

The process λ⃗ is what we will use to model looped
DNA strands.

Fourier analysis on polymers

To detect loops in polymers, we predominantly
need to consider the large-scale features of the
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polymer, and not the smallest scales. In a sense,
we have to many information in the exact positions
of the polymer: we only need to know if two
beads that are far along the chain are close in
spatial distance. All the positions and interactions
of the beads in between matter much less. This
fact also makes it possible to model DNA as
a correlated random walk, as the smallest scale
interactions do barely matter for detecting loops in
static configurations.
When we want to separate different scales in a
problem, Fourier analysis is often a great help.
Also for polymers, this is the case. In [4], a tool
is described to perform a Fourier-like transform on
a polymer and to separate the different scales at
play. We will shortly recall this transform of the
polymer, its benefits, and–in the next section—how
it helps to detect loops.
The global idea is as follows. Given a polymer
configuration x⃗ of N 3D-coordinates, we can
consider the three length N signals xn, yn and zn.
For each of these signals xn, we take the discrete
cosine transform (DCT, see later) to obtain DCTx(p).
By squaring this number and adding them up for
each p separately, we get the power spectral density
(PSD) Ê as

Êp(x⃗) = DCTx(p)2 + DCTy(p)2 + DCTz(p)2.

This number represents the distribution of the total
energy over the different modes of the DCT. The
average of this power spectral density is what we
will use in the remainder of this work.
Finally, we discuss the DCT in a bit more detail.
Given a 1D-signal xn with n ∈ {0, . . . , N − 1}, we
find the DCT as

DCTx(p) =
1
N

N−1

∑
n=0

xn cos
( pπ

2N
(2n + 1)

)
.

This can be computed efficiently as there is a
close link to the fast fourier transform (FFT) for
numerical signals. We call DCTx(p) the pth mode
of x. Intuitively, for low p, the pth mode gives
information of the largest scales. As p increases, the
mode starts giving information on the small scale
behaviour of the signal. Concretely, it can be shown
that X0 is just the average of the signal, or the centre
of mass. The first mode is intimately related to the
end-to-end distance of the signal: its absolute value
corresponds roughly to |xN−1 − x0|/N. Similarly,
the higher order modes can be understood as

follows. The pth mode gives information of the
average extent of length N/p sub-polymers. By
taking the power spectral density of the three
coordinate signals, we obtain a result that is less
dependent on the exact position and orientation
in space, and the average of these numbers is
non-zero.
To guide your intuition, you may think of the
PSD as actually detailing how the total energy is
distributed over all the scales. For example, for
random points in space, the PSD is for all modes
the same on average: every scale gets equal parts of
the energy, as there is no structure within the point
cloud, and the randomness makes it scale-invariant.
On the other hand, for a random walk (which may
model a polymer), the points cannot jump too far
in each step, and so there is structure within the
resulting point cloud. An example of an averaged
PSD for a random walk is shown in Figure 1 (blue
curve). Clearly, there is much less energy for
the high modes (small length scales) than for the
low modes (large length scales). Think of it as
follows, even with blurry glasses, such that the
exact positions of the beads become invisible, the
general shape of the walk in space is still visible:
for a polymer, there is much more energy stored
in the larger scales than in the exact details at the
small scales.

Log-spectral ratio Λ and Λ-plot

As detailed in the previous section, the PSD for a
polymer has a certain structure, as the short scale
behaviour is much less important for the global
shape. In [4], it is shown that by taking the slope of
the line connecting the first and second mode in a
log-log plot, you can determine if the polymer is in
a condensed or extended state. (Indeed, it is only
the largest scales that are needed to determine the
folding state.) Looking at the PSD for a looped
and non-looped random walk in Figure 1, we
can make similar observations about the lowest
modes. One can observe that the odd modes are
lowered for the looped random walk, while the
even ones remain unchanged. This can be shown
analytically, and is even of topological nature, i.e.
the underlying process does not matter. For details
on the proof of this statement, see [5]. The key
intuition for this fact is that the endpoints must
come close for a loop, and thus the odd modes
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Figure 1: Theoretical PSD for a random walk (blue curve)
and the corresponding looped random walk (orange
curve). Snapshots show one specific conformation
before (upper) and after (lower) looping by means
of Equation Equation (1). The parameter Λ(x)
is the difference between the observed first mode
(here for the looped conformations) and the expected
first mode extrapolated from the second and fourth
modes (see black dotted line and circles). Figure is
taken from [5].

(which make the endpoints disconnect) cannot be
too large. Since the even modes are expected to
remain unchanged, we can probe the power law
behaviour of the polymer from the second ⟨Ê2⟩
and fourth ⟨Ê4⟩ modes. Extrapolating from this
power law, we obtain an estimate for the first mode
⟨Ê1⟩. Comparing this estimate with the actual first
mode gives the log-spectral ratio Λ, see Figure 1. In
formulae,

Λ = log

(
⟨Ê2⟩2

⟨Ê1⟩⟨Ê4⟩

)
. (2)

With this definition, the log-spectral ratio exactly
measures the difference between what is expected
from a non-looped polymer and what is observed
for that polymer. If that difference is too high,
it means the largest scale is much smaller than
expected, signalling that the polymer has a loop.
Computing the log-spectral ratio for a random
walk analytically, we find O(N−2) and log

(
π2

π2−8

)
+

O(N−2) ≈ 1.66 + O(N−2) for looped random
walks. Clearly, this observable discerns looped and
non-looped random walks. Performing simulations,
we could show that this observable remains reliable
to differentiate looped and non-looped polymers,
even if different degrees of correlations or even
self-interactions are added. For details, see [5].

In experimental data of human DNA, of course, we
are not looking for isolated DNA loops. Instead, we
are looking for inner loops in large DNA strands.
For this, we want to consider all sub-polymers at
once and compute the log-spectral ratio of each
of them. To this end, we introduce the following
coordinates on the polymer. Given a sub-polymer
from bead i until bead j, we denote the midpoint ι =

(i + j)/2 and the length η = |i − j|. The coordinates
(ι, η) then represent the sub-polymer from bead
ι− η/2 to bead ι+ η/2. Computing the log-spectral
ratio Λ for each of these sub-polymers, and putting
it together in one heat map, we get the Λ-plot, as
visualised in Figure 2 for an example.
As is evident in Figure 2, the maximum in the
Λ-plot does not exactly represent the looped
sub-polymer. Doing analytical computations for
(looped) random walks and verifying with multiple
simulations, a link is established between the
maximum of the Λ-plot and the exact position of
the loop. The key here is: find a maximum, you
find a loop.
We now have the following algorithm to detect
loops in an ensemble of polymers with inner loops.
First, make the Λ-plot. Second, find all maxima
(ι, η). There is a constant µ0 ≈ 1.34767 so that the
estimated loop falls between monomers ι − η/(2µ0)

and ι + η/(2µ0).
An important remark needs to be made. A more
intuitive approach to loop detection would be to
consider the distances between any two beads and
look for low values (with respect to some threshold)
in those distances. However, the very measuring
technique of multiplexed FISH data does not allow
this on this resolution. Indeed, the coordinates
obtained are very precise, but are fitted with a
Gaussian to fluorescent spots of strands of DNA.
In our polymer model, this corresponds to taking
a high resolution polymer with an inner loop,
and then taking the centre of mass of consecutive
fixed length sub-polymers. These centres of mass
then form the coordinates that we have access to.
There is no guarantee that the presence of a loop,
and the consequent dip in monomer-monomer
distance, is still visible in the coarser polymer. Even
stronger, we showed in [5] that this distortion will
occur in simulated data and that simply looking at
the distances is no longer a dependable indicator
of loops. The spectral approach overcomes this
difficulty better by looking on the global features of
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Figure 2: Λ-plot example for an ensemble of 2000 samples of a (random walk) polymer with N = 300 monomers, all containing
an internal loop of size 100 in the middle. Different rows focus on distinct sub-regions of the same polymer: whole
polymer; first third; inner loop; first two thirds (including the loop). The first column displays a mean polymer
configuration (for details, see [5]). The second column shows the distance map of the polymer, while the third
column shows the Λ-plots. The regions selected in each row are highlighted in every column. The spectrum for the
selected sub-region is shown in column 4. Figure taken from [5].

bending and loop formation, which most often still
shows after the experimental coarse graining.

Application to experimental data

To assess the performance of the Λ-plot method on
experimental data, we first applied it to selected
regions of mouse embryonic stem cells, for which
Hi-C and FISH measurements are available. Our
method was able to detect most of the loops
identified with other methods, and to detect
previously non-detected loops. This is due to
the fact that it analyses the entire conformation
between two loci, instead of a simple evaluation of
the end-to-end distance. From this benchmark, we

also noted that our method is prone to localization
errors in regions with complex architectures, where,
for example, several loops are nested. Then, the
presence of the loops is detected, but their position
or size is less accurate.

Next, we applied our method to the experimental
data of [3]. There are two datasets available: one
wild-type (unaltered) dataset and one measurement
set that has been treated with Auxin, in order to
remove the proteins (CTCF) ought responsible to
keep loops in place. From the distance maps and
Hi-C contact maps in Figure 3, it is immediately
clear that a lot of structure has indeed been lost after
treatment with Auxin. However, in [3] it is argued
that one the single-cell level many structures are still
present, but that their preferential sites simply no
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longer agree. This turns out to be the effect of CTCF:
to give preferential positions of loops. This finding
is consistent with our analysis, as the Λ-plots in
Figure 3 immediately show a lot of structure in
both datasets. Note that almost all loops predicted
by the Λ-plot are invisible on the Hi-C and distance
maps. This is expected to be an averaging effect,
to which the Hi-C and distance plots are more
sensitive than the Λ-plot. Specifically, we detect 14
loops (labelled 1-14) in the wild-type (WT) data and
8 loops (labelled A1-A8) in the auxin-treated variant.
Notice how in the wild-type cells, loop extremities
align with regions rich in the RAD21 protein, which
implies that they are likely due to cohesin-mediated
loop extrusion halting at a physical barrier, likely
CTCF. For the Auxin treated cells, we also gave
other options in [5] for the origin of these loops.

Neural networks

To further validate our approach and also extend
it as to give information for single cells, we use
neural networks. In principle it is possible to just
look through every possible sub-polymer and see
if it is a loop or not, but in practice this takes to
much computing time and energy. Instead, we
use the Λ-plot to pinpoint possible locations in the
ensemble where statistically significant loops are
present, and then investigate those regions for every
measurement with a neural network.
For each possible loop location, we train a neural
network on (looped) random walk data of the same
size, and then apply it to the experimental data.
The output is the probability of the sub-polymer to
be looped or not. We decided that a probability of
50 percent or higher indicates a present loop, and
otherwise we call it non-looped. It is important to
note that the fact that we can use artificial data to
train the neural networks is a significant advantage.
Indeed, otherwise we would have to waste valuable
experimental data and still have less training data
than now.
Finally, we note that the measurement technique
(of fitting with a Gaussian to fluorescent spots)
necessitates that the neural network training data
followed the same kind of procedure. For this,
we take high resolution walks, and coarse grain
them by taking the centre of mass of consecutive
equal-length sub-polymers. Thanks to this, the
neural networks learns to recognise more global

features of the loops, instead of the typical close
contact of two points. In Figure 4, we see an
example of the output of the neural network
segregation for loop A4.

Insights into local chromatin architecture

Because we can detect loops and also segregate
the measurements with and without a specific
loop, we can also consider the effect of the
loops on previous analyses done. For example,
scaling laws of genomic distance that previously
pointed to a specific model (the crumpled globule),
change drastically when the looped and non-looped
measurements are analysed separately. Instead,
they point to another model where multiple
exponents are possible, and which also allows the
cell to activate and deactivate DNA as needed.
For details, we point to [5]. Furthermore, thanks
to the neural network segregation, we can also
consider correlations between loops formed, and
see interesting things there as well. Many more
questions can now be asked and investigated due
to this new method, and we refer to [5] once
more. In summary, this method helps gain more
understanding of the local chromatin architecture.

Discussion

Despite their high accuracy in determining
the three-dimensional structure of chromosomes,
multiplexed FISH experiments can only visualize
the centre of mass of probe segments. The detection
of loops in this type of data hence becomes quite
challenging. Indeed, our study on synthetic data
confirmed that this limited resolution masks the
presence of multiple loops. Yet, FISH experimental
data offers more comprehensive information than
distance maps by encompassing the complete 3D
configuration, information that has been overlooked
until now.

Using all the 3D information, the Λ-plot provides
a reliable and fast method to detect loops in
synthetic as well as experimental multiplexed FISH
data, irrelevant of size and position, and sensitive
to small looped populations. The method takes
great advantage of the large-scale characteristics of
(looped) polymers, and is therefore more robust to
detect loops in a chain than small-scale properties
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Figure 3: The Λ-plots (a), distance maps (b), and Hi-C maps (c) for the experimental data of Bintu et al. for both the wild-type
variant (left) and an auxin-treated variant (right). The coordinates along the chromatin are the same for each plot,
making direct comparisons of positions possible. A given point within a plot corresponds to the interaction between
two points along the chromatin. For example, the tip of the triangle gives information about the interaction between
the first and last point. By moving along the left edge of the triangle to the bottom, you consider the interaction
between the first point and points closer and closer to the first point. a) Purple lines link the positions of Λ maxima
and detected loops. In each plot, purple circles indicate the location of loops detected by the Λ-plot procedure. The
symbol linewidth is proportional to the corresponding maximum Λ intensity. Each detected maximum is given a
loop id. On the bottom of the distance and Hi-C plots, green diamonds represent the presence of the Rad21 protein.
Figure taken from [5].

that are sensitive to fluctuations and measurement
errors.

Using neural networks, the presence of loops
is confirmed, and allows to segregate cells based
on the presence of specific loops. This process
is fast and reliable, where the latter is partly

attributed to the initial guidance provided by
the Λ-plot, which also provides a physically
interpretable and mathematically sound basis for
the detection pipeline. Thanks to the ease with
which we can generate artificial training data
based on an fBm model, we can furthermore
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Figure 4: Typical example of output of neural network segregation of looped and non-looped populations. We focus on loop
A4 (detected in 24 % of the population). The first column shows the Λ-plot, distance map, and mean configuration
for all measurement data. The second and third columns show Λ-plot, distance map, and mean configuration for
measurements that the NN recognized as containing or lacking loop A4, respectively. The end-to-end distance
(length of the red segment) in the mean configuration is 640 nm, 547 nm, and 710 nm,respectively. Notice
how the presence of the loop A4 results in a high maximum in the Λ-plot, and a dip in the average distance in
the distance-plot (second row). Moreover, in the third column, the absence of loop A4 makes the corresponding
maximum of the Λ-plot disappear, and the average distances there larger. Notice in the mean configuration (third
row) how the end-to-end distance between the predicted loop anchors is much smaller when loop A4 is predicted to
be present. Figure taken from [5].

avoid wasting valuable measurements. Our
approach outperforms distance-based approaches
on loops already detected through Hi-C maps as
demonstrated in [5] for the benchmarking data.

For other experimental data, where previous
analysis was unavailable, and where both wild-type
and cohesin-depleted measurements were available,
we detected loops in both datasets with comparable
occurrence frequencies, in different locations.
Strong correlations of the locations of loops with
biological markers (such as Rad21) were found,
even though determining completely the biological
determinants at the origin of these loops is beyond
the scope of this work.

The ability to examine loops at the single-cell
level allows to answer new questions regarding the
structure of chromatin. By, for example, for the first
time considering the correlations between loops,

we can get more understanding of the potential
existence of clusters of adjacent loops that result in
a flower-like structure. Moreover, we evidenced the
frequent presence of correlation between loops that
are nested one in the other and sharing one end.
This rather unexpected finding surely deserves to
be further investigated on alternative datasets.

The method introduced here broadens data
processing possibilities and strengthens the
foundation for advancing chromatin’s theoretical
understanding through precise and comprehensive
experimental data analysis. We discovered that the
corresponding critical exponents of 1/3, frequently
encountered in experimental data, may result from
averaging looped and non-looped configurations
within a dataset. This effect may have remained
unnoticed due to the need for a prior looped
conformations segregation.
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Multiple future research endeavors are possible
with the developed method, and we highlight
one topic that warrant further exploration.
The versatility of the spectral-based technique
developed in this study could be applied to
investigate a broader range of phenomena. For
instance, the method can be adapted for detecting
plectonemes in supercoiled DNA or for identifying
density variations across the genome or in spatial
arrangements, such as alternating coils and
globules, or alternating A and B compartments.
These structures are predominantly characterized
by their large-scale behaviors, where low-mode
spectral features prove to be particularly suitable for
in-depth investigation. Preliminary investigations
of data from [8], which is on a much larger
scale than the one considered here, seems to
indicate indeed that the same analysis can readily
identify AB-compartments and their corresponding
boundaries. These findings are consistent with
the conclusions drawn in the original paper.
Additionally, loops were also detected and warrant
further investigation in future research.
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Atmospheric escape plays a significant role in the long-term evolution of planetary
atmospheres, and therefore in the development and sustainability of habitable conditions.
In this work, we investigate the evolution of the atmospheric oxygen escape on Earth from
current data towards the Great Oxidation Event (GOE), 2.45 billion years ago. We develop a
semi-empirical model tracking seven different escape mechanisms that takes into account
the past variations of the solar and planetary conditions until the GOE, allowing us to
estimate oxygen escape rates in the past. Our analysis reveals a substantial increase in the
total oxygen escape rate towards the GOE. This has led to a reduction of over 60% in Earth’s
oxygen content during the last 2.45 billion years, primarily attributed to polar processes. We
highlight the importance of integrating multiple escape mechanisms to estimate atmospheric
escape and identify key parameters that need to be taken into account when evaluating
long-term atmospheric presence.

Introduction

As we venture into the discovery of rocky
exoplanets, the need to refine the definition of
habitability increases. Currently, the habitable
zone is defined as the region around a star within
which liquid water can be stable on a planet’s
surface. This distance-based approach overlooks
the ability of a planet to retain water over the
long term. Indeed, planetary parameters, like the
composition of its atmosphere or its magnetisation
–both mostly independent of the distance to the star–
affect the capacity of the planet to retain water and
maintain an atmosphere. Therefore, to understand
the long-term habitability of a planet, it is crucial
to examine the processes that drive atmospheric
loss, leading to changes in the atmospheric
composition. The escape of atmospheric particles
can be driven by multiple energy sources. In the

solar system, on the one hand, solar radiation
plays a significant role by heating up and ionising
the atmosphere. On the other hand, the complex
interactions between the solar wind and the planet
can also heat and accelerate atmospheric material
[Gronoff et al. 2020].

The solar wind is the plasma outflow ejected
by the solar corona at supersonic speeds (see
transparent yellow lines in Figure 1). Near Earth,
this plasma encounters the magnetosphere (see
transparent blue lines in Figure 1), which is a
region in space that is dominated by the Earth’s
intrinsic magnetic field. The magnetopause, the
outer boundary of the magnetosphere, deflects
the incoming solar wind. When the planetary
magnetic field is strong enough, as with Earth, a
large-scale intrinsic magnetosphere surrounds the
planet and protects the atmosphere from direct solar
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wind interaction. For planets with weak or absent
intrinsic magnetic fields, such as Mars and Venus,
interactions between the solar wind and the planet’s
upper atmosphere generate electric currents that
form an induced magnetosphere. Such planets are
considered unmagnetised.

A longstanding hypothesis suggests that a
planetary magnetic field shields the atmosphere
from escape by deflecting the solar wind
[Lundin et al. 2007]. However, spacecraft
observations at Earth, Venus, and Mars reveal
that the current atmospheric escape rate on Earth
is comparable to or even exceeds that of its
unmagnetised neighbouring planets, challenging
this statement (see [Ramstad & Barabash 2021] and
references therein). In this light, [Gunell et al. 2018]
explored the role of the planetary magnetic field
in atmospheric escape for terrestrial planets, using
a semi-empirical model. Following a similar
approach, we examine how past planetary and
solar conditions have influenced oxygen escape
rates over geological timescales, until the Great
Oxidation Event (GOE), which is a step increase
in the concentrations of molecular oxygen in the
atmosphere, caused by the emergence of life.

There are two main physical limits that will
determine whether an atmospheric particle will
escape or not: an energy limit and a supply limit
[Ramstad & Barabash 2021]. The energy limit is
given by the amount of energy transferred to
atmospheric particles, as more energy transferred
to the particles facilitates their escape. The supply
limit is reached when there are no more particles
available to escape, thus the limit is the ion supply
from the ionised upper atmosphere, also called the
ionosphere.

The exobase is the atmospheric boundary above
which particle collisions become negligible. Below
this boundary, collisions dominate and particles
are thermalized, the bulk flow energy is quickly
converted into thermal energy. Above it, any
energization process can increase the velocity of
particles allowing them to escape. For this reason,
we define the exobase as the lower boundary in our
model, as it represents the transition point where
escape processes become significant.

Method

Our goal is to calculate the oxygen escape rate
from Earth in the past in order to estimate the
total atmospheric oxygen loss into space, and to
understand key aspects of atmospheric escape.
Two factors influence atmospheric escape: solar
forcing and planetary conditions, both of
which have changed over time. On the
one hand, the young Sun had a denser
and faster solar wind [Carolan et al. 2019], and
emitted more intense Extreme UltraViolet (EUV)
radiation [Ribas et al. 2005], therefore promoting
atmospheric oxygen escape. On the other
hand, the Earth’s magnetic field [Bono et al. 2022]
and exosphere also changed over time, further
complicating the long-term evolution of oxygen
loss.
We explore seven different escape mechanisms and
how they change with the evolution of the Sun
and the Earth. When an analytical approach is not
possible, a semi-empirical model is used: observed
escape rates are scaled depending on the coupling
between the evolving Sun and evolving planetary
environment, and on the area or volume of the
region where the oxygen escape takes place.
We account for the ionospheric supply by limiting
the escape flux to a maximum flux depending on
the solar EUV radiation [Barakat et al. 1987].

Magnetic Field Model

We use a magnetic field model to estimate the area
or volume of the oxygen ion escape regions and to
determine the magnetospheric cross-section with
the solar wind.

Magnetopause Standoff Distance

The magnetopause standoff distance is the shortest
geocentric distance to the magnetopause (in Figure
1: rMP). It is calculated as the balance point
between the solar wind dynamic pressure and the
magnetospheric magnetic pressure. When the solar
wind pressure increases or the planetary magnetic
moment decreases, this distance is reduced.

Magnetospheric Cross-section

The magnetic field model provides the
magnetospheric cross-section with the solar wind
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Figure 1: : Illustration of our magnetic model. The
magnetopause standoff distance is rMP, the
magnetospheric cross-section is πr2

CS, and the solid
angle of the polar cap is ΩPC.

(in Figure 1: πr2
CS). As the solar wind pressure

increases or the planetary magnetic moment
decreases, the magnetospheric cross-section is
reduced.

Solid Angle of the Polar Cap

The solid angle enclosed by the Earth’s magnetic
field lines that connect the upper atmosphere to
the solar wind defines the extent of the magnetic
polar cap (in Figure 1: ΩPC). These open magnetic
field lines represent a preferential escape path for
atmospheric particles. The solid angle of the polar
cap expands with increasing solar wind pressure or
decreasing planetary magnetic moment, enhancing
the potential for atmospheric escape.

Escape Mechanisms

Our model considers the seven main atmospheric
escape processes observed in terrestrial planets
in our Solar System [Gunell et al. 2018]: Jeans
escape, photochemical recombination, ion pickup,
sputtering, cross-field ion loss, polar wind, and
cusp escape.

Thermal escape mechanisms

Thermal escape mechanisms depend on the upper
atmospheric temperature, as higher atmospheric
temperatures imply higher particle velocity,
increasing the escape rate. Given the low
atmospheric temperature of the Earth, only one
mechanism is at play.

Jeans escape This mechanism refers to neutral
particles at the tail of the velocity distribution,
which have higher velocities than the escape
velocity, and do not collide with other
particles. For Earth it has a minor contribution,
nonetheless it is considered in our results.

Escape mechanisms in the unmagnetised
regime

The following three mechanisms are relevant for
unmagnetised planets, like Mars or Venus, but they
are negligible for Earth.

Photochemical Recombination Solar wind
electrons recombine with planetary oxygen
ions, creating an energetic oxygen atom.
However, the kinetic energy of the resulting
oxygen atoms remains well below their
gravitational binding energy, preventing them
from reaching the escape velocity and their
contribution to oxygen escape is zero.

Ion Pickup Planetary neutrals that are ionised by
solar wind charge exchange, electron impact,
or by solar EUV, can be picked up and
accelerated by the solar wind magnetic field
and ejected from the atmosphere. Their escape
rate depends on the amount of gravitationally
bound neutrals outside the magnetosphere,
which for Earth is negligible over the time
period considered in this study.

Sputtering Ions accelerated by the solar wind
collide with planetary neutrals transferring
them energy, which may be sufficient to let
them escape. The corresponding escape rate
depends on the amount of gravitationally
bound neutrals outside and slightly inside
the magnetopause, which is negligible on
Earth. Sputtering also happens inside the
magnetosphere in the auroral zones, where
it has a minor contribution that is included in
our model.

Escape mechanisms in the magnetised
regime

These mechanisms are relevant for magnetised
planets, like Earth.

Cross-Field ion loss Ions initially trapped by the
Earth’s magnetic field on closed magnetic
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field lines (with both ends connected to
the Earth) can escape across the magnetic
field lines through plasmaspheric wind and
plasmaspheric plumes. In our model, the
corresponding escape rate depends on the
exobase surface area outside the polar cap. It is
a highly variable and complex escape process.

Polar Wind Ions escape along the open field lines
of the polar cap, driven by the ambipolar
electric field. This ambipolar field arises
to maintain charge neutrality, as ionospheric
electrons attempt to escape to space, driven
by thermal pressure, pulling ions along with
them. The escape rate depends on the polar cap
area at the exobase altitude as well as on the
temperature and density of ions and electrons
in the ionosphere.

Cusp escape The cusp is a region in the polar
cap where solar wind has direct access to the
upper atmosphere allowing it to transfer part
of its kinetic energy. This energy contributes
to the heating and acceleration of ionospheric
particles leading to their subsequent escape.
The corresponding escape rate depends on
the cusp area at the exobase altitude, the
solar energy flux, and the magnetospheric
cross-section with the solar wind.
A key challenge in estimating cusp escape
is to determine the current cusp area at the
exobase altitude, which is not well determined.
As mentioned by [Nilsson 2011], knowing the
correct area to integrate the cusp escape flux is
critical to determine the total cusp escape rate.
Therefore we studied different cusp areas at
the exobase altitude, as smaller cusp areas will
give smaller cusp escape rates.

We also used a higher ionospheric supply for
cusp escape than for polar wind. The cusp is a
region where solar wind particles precipitate in
the atmosphere, which increases the atmospheric
ionisation, and thus the maximum escape flux at
the cusp [Schillings et al. 2018].

Results and Analysis

Past solar and planetary conditions

Figure 2 shows the evolution of the solar wind
pressure and the solar EUV radiation towards the
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Figure 2: Evolution of the solar parameters. Top panel: solar
wind model by [Carolan et al. 2019]. Bottom: solar
EUV flux model by [Ribas et al. 2005] converted
to the historical F10.7 index. Grey stars represent
current average values observed (OMNI database).

GOE, 2.45 billion years ago, with their current
average values observed by satellites. The solar
wind pressure increases by more than one order
of magnitude towards the past. We use a solar
wind model that gives the velocity and density
of the solar wind over time, allowing to calculate
how the solar wind affects each non-thermal escape
mechanism. Meanwhile the F10.7 index, which is
related to the solar EUV radiation flux, increases
exponentially, more than doubling its current value.
The primary effect of the solar EUV radiation is
heating up Earth’s atmosphere (as shown in the
bottom part of Figure 3), and the ionisation of
neutral particles, thus increasing the ionospheric
supply.

Figure 3 shows the evolution of the Earth’s magnetic
moment and of the oxygen temperature at the
exobase altitude. The intensity of the Earth’s
magnetic dipole fluctuates over time, but it remains
in the same order of magnitude. Together with the
solar wind, it controls the magnetospheric geometry.
The temperature at the exobase altitude increases
towards the past, following the solar EUV radiation.
This leads to a slight expansion of the exosphere,
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Figure 3: Evolution of the planetary parameters.
Top panel: Earth magnetic moment by
paleomagnetic data ([Bono et al. 2022]). Bottom:
Exospheric model depending solar EUV flux
([Johnstone et al. 2018]).

which increases the exobase surface.

Oxygen escape

The primary findings of this study are represented
in Figure 4. The solid red line represents the total
oxygen (neutral and ion) escape rate, summing
contributions from all seven escape mechanisms
in our model. The dashed blue curve indicates
the polar wind oxygen escape rate, the dotted
green curve shows the cusp escape rate for the
maximum cusp size considered in our model (with
a magnetic latitudinal and longitudinal extent of
8° and 90°, respectively), and the dashdotted cyan
line corresponds to the cross-field ion loss. Our
results reveal that the two primary contributors to
the oxygen escape from Earth are polar wind and
cusp escape. While cusp escape is the dominant
mechanism at present, our model suggests that in
the past, polar wind was the leading contributor to
oxygen loss.
The polar wind escape rate increases as solar wind
pressure rises, driven by two combined effects:
on the one side the oxygen escape flux increases

due to stronger solar forcing, and on the other
side, the polar cap expands. Meanwhile, the
Earth’s magnetic moment affects the polar cap size,
introducing fluctuations in the escape rate. As
the Earth’s magnetic moment increases, the polar
cap shrinks leading to a reduction in the total
escape rate. A higher solar EUV flux increases
the oxygen escape flux, and it increases the value
of the maximum oxygen flux that can be extracted
from the ionosphere. The increasing ionospheric
supply is observed before 1500 Myr. ago (see Figure
4 ), when the oxygen escape through polar wind
reaches saturation, meaning that the ionospheric
supply is the escape limiting factor.
Cusp escape is influenced by competing effects
as the solar wind pressure increases. On the
one side the solar wind energy flux increases,
increasing the escape rate. On the other side the
magnetospheric cross-section decreases, reducing
the intercepted solar wind energy flux. As shown
in Figure 4, the increase of the solar wind energy
flux dominates, and the amount of solar wind
energy deposited in the cusp region increases, thus
the cusp escape rate increases as the solar wind
pressure increases. Meanwhile, Earth’s magnetic
moment also plays a dual role: as the Earth’s
magnetic moment increases, the magnetospheric
cross section with the solar wind increases allowing
more solar wind energy to be deposited in the
cusp region. Consequently, the cusp escape rate
increases. However, a stronger magnetic moment
also shrinks the cusp size resulting in a higher
escape flux that can deplete the available oxygen
ions to escape. Once escape saturation is reached,
the flux of escaping oxygen remains constant and
the total cusp escape rate only varies with the
surface of the cusp region.
Therefore the Earth’s magnetic moment has a
double effect on cusp escape (magnetospheric
cross-section and cusp size), leading to a
mechanism that is more sensitive to the changes
of the Earth’s magnetic moment than polar wind,
which has a single effect (polar cap size).
For the cross-field ion loss, there is small change
due the variations of the solar wind pressure, and
there are small fluctuations associated with changes
in the Earth’s magnetic moment.
The contributions from Jeans escape and Auroral
Sputtering are significantly less than from polar
wind escape (above ∼ 1025 s−1), cusp escape
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Figure 4: Evolution of the main contributors to the total escape rate.

(above ∼ 1025 s−1), and cross-field ion loss, with a
maximum particle flux contribution of 4.5 ×1013

s−1 and of 8×1023 s−1, respectively. Auroral
sputtering decreases with the exobase expansion,
as the exobase density decreases.

Conclusions

This study estimates the evolution of the oxygen
escape rates at Earth from different escape
mechanisms for the last 2450 Myr. using a
semi-empirical model. This model takes into
consideration the combined effects of the changes
on Earth’s magnetic moment, solar wind pressure,
solar EUV radiation and their effects on the Earth’s
exosphere in time to estimate the oxygen escape.
We conclude that two mechanisms dominate the
total oxygen escape rate: polar wind and cusp
escape.
The estimated total oxygen mass loss during the
last 2450 Myr. is ∼ 7 × 1017 kg, which corresponds
to 15% of the current atmospheric mass or 63% of
the current atmospheric oxygen mass. This seems a
large oxygen loss but it is less substantial than the
oxygen released to the atmosphere due to the GOE,
and it didn’t drastically change the atmospheric
content. Our oxygen loss estimation is likely an

upper limit, as we consider current and constant
atmospheric composition in our exospheric model
[Johnstone et al. 2018], when in fact if there was
less oxygen at the exobase altitude in the past, ion
escape would reach saturation sooner, reducing the
oxygen loss.

The polar wind escape rate increases towards
the past. The cusp escape rate increases with a
more mild variation, due to the compression of
the magnetosphere when the solar wind pressure
increases. This reduces the cross section of the
magnetosphere with the solar wind and attenuates
the increase of the solar wind energy deposition
in the cusp region associated with increase of the
solar wind energy flux. Moreover cusp escape
is more sensitive to Earth’s magnetic moment
variations. Other escape mechanisms do not
contribute significantly to Earth’s total oxygen loss.

We conclude that an increasing solar wind pressure
increases the oxygen escape rate for a magnetised
planet. However, the planetary magnetic moment
has a complex relationship with oxygen escape,
because it affects diverse mechanisms differently.
For a magnetised planet, like Earth, the increase
of the planetary magnetic moment is associated
with an increase of the cusp escape rate and a
reduction of the polar wind rate. A large-scale
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magnetosphere does not necessarily protect the
planet from atmospheric escape, due to ion escape
in the polar regions.
This work shows that atmospheric escape is
a complex phenomenon with key parameters
that determine the ability of any magnetised
planet (including extrasolar planets) to retain
its atmosphere: the stellar wind pressure and
its magnetic moment. Exospheric parameters
as the exobase altitude and the ionospheric
supply, also affect the atmospheric escape from
any magnetised planet. The lower boundary
of our model is used to parametrize the areas
where different escape mechanisms take place
(e.g: polar cap area at exobase altitude). The
ionospheric supply determines the maximum
escape flux from a mechanism, saturating the
escape rate. Other characteristics, such as planetary
rotation or planetary atmospheric composition,
need further research to estimate their contribution
to atmospheric loss.
It is difficult to extrapolate the oxygen escape
rate calculations to extrasolar planets, as the
semi-empirical model is based on the extrapolation
of measurements made at Earth. Oxygen escape
rate estimations would be possible only for
extrasolar planets very similar to Earth (in terms of
atmosphere, mass, and with an intrinsic magnetic
field) and in a similar stellar environment to the Sun
(in terms of stellar EUV radiation). Nonetheless,
the understanding of atmospheric escape presented
above applies to a broader range of magnetised
extrasolar planets.
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tidal force and apsidal motion in
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Stellar deformations play a significant role in the dynamical evolution of stars in binary
systems, impacting the tidal dissipation and the outcomes of mass transfer processes. The
prevalent method for modelling the deformations and tidal interactions of celestial bodies
solely relies on the perturbative approach, which assumes that deformations are minor
perturbations of the spherical symmetry. An observable consequence to stellar deformations
is the apsidal motion (i.e. the precession of the line connecting the apsides of an eccentric
orbit ) which has been observationally quantified across numerous binary systems. In
this work, we provide an overview of our recent findings from [Fellay et Dupret 2023], in
which we present a novel non-perturbative approach to model the deformations of binaries
in 3D, obtaining the tidal force and the consequent apsidal motion. In this review, we
develop both the pertubative and the non pertubative modelling approaches. Furthermore,
we investigate the reliability of the perturbative approach when used to model close and
deformed binary systems. Our work showed that the perturbative approach systematically
underestimates tidal interactions between stars. All the subsequent modelling is impacted
by our findings, in particular, the tidal dissipation is significantly underestimated. As a
result, all the current binary stellar models are lack precision when applied to systems
with short orbital separation, and the outcomes of these models are also affected by these
inaccuracies.

1 Introduction

Binary stars are pairs of gravitationally bound stars.
They constitute a significant fraction of observed
stellar population, during the Data Realese 3 from
the Gaia spacecraft [Gaia Collaboration et al., 2020],
more than 800, 000 stars in non-single systems were
catalogue [Gaia Collaboration 2022], representing
∼ 20% of the total catalogue. In particular, high
mass stars (M? > 8 solar mass (M�)) have higher
occurrence in binary systems. It is estimated that
over 70% of massive stars are impacted during
their evolution by an interaction with a companion

[Sana et al., 2012]. Similarly, intermediate-mass
stars (2M� > M? > 8M�) are frequently observed
in binary configurations [Torres et al., 2010,
Claret et al, 2021, Marcussen & Albrecht, 2022]. In
opposition, low mass stars (M? < 2M�) are less
commonly observed in binaries although this
observation may be subject to an observational bias
linked to the faintness of these bodies.

In binary systems, the presence of a nearby
companion influence the conventional evolutionary
path of each constituent star. A common
phenomenon in binaries is the Roche-lobe overflow
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where a star transfers material and angular
momentum to its companion. This transfer induces
substantial modifications in the evolutionary
paths of both binary components, affecting their
respective masses and angular momentum. As the
system evolves, orbital migration can occur and
lead to phases of common envelope characterized
by a contact between the envelopes of the two stars,
resulting in the exchange of angular momentum
and chemicals. Before reaching these critical stages,
stars experience deformations as a consequence of
their mutual interactions, predominantly governed
by the gravitational, tidal, and centrifugal forces.
Tidal forces within binary systems are the
consequence of gravitational interactions between
non-punctual celestial bodies. They can be
subdivided into two distinct components:
equilibrium tides, which arise from the
large-scale circulation resulting from a hydrostatic
readjustment (i.e., stellar deformations), and
dynamical tides [Sterne 1939], which correspond
to the excitation of eigenmodes of oscillations
due to the periodic perturbations imposed by a
companion. These tidal forces and the resulting
stellar deformation lead to various phenomena such
as orbital rotation synchronisation, mass transfer,
and tidal dissipation, the latter corresponding to
the dissipation of orbital energy within the stellar
bodies.

Apsidal motion is characterized by the temporal
variation of the argument of periastron, denoted as
ω, this orbital parameter is illustrated in Figure 1.
Apsidal motion represents the motion the apsidal
line in eccentric binary systems (see Figure 1).
Apsidal motion originates from equilibrium
tides, dynamical tides [Willems & Claret, 2002]
and corrections from general relativistic effects
[Gimenez 1985]. It serves as an observational
constraint for understanding the structure of
deformed stars, providing insights into the
microphysics of stellar models. Accurate modelling
of tidal and centrifugal deformations is essential
for determining the precise stellar structure of
each component in binary systems and to link the
observed apsidal motion to a direct constrain on
the stellar structure.

In the modelling of the structure and deformations
of binary stars, the perturbative approach is one of

the most sophisticated and widely used method
in the literature. The underlying principle of this
methodology is to treat deformations as small
perturbations of the spherical symmetry of stars,
only accounting for the leading orders terms
in the developments. This approach allows for
obtaining simplified structural deformations from
the unperturbed spherically symmetric structure.

In this review, we start by introducing the
basic formalism of the perturbative approach
in section 2. Then, in section 3 we develop the
formalism used by our non-perturbative modelling.
In section 4, we compare the two modelling
approaches for a specific observed binary systems
before discussing, in section 5, the implication of
our studies for current models strategies used in
the literature.

2 Perturbative modelling of the
tidal force

In a binary system, the radial relative acceleration of
two bodies given by the classical celestial mechanics
is

F21

mµ
= −GM1M2

r2 + FR, (1)

where F21 is the force exerted by the secondary star
on the primary (noting F2→1 ≡ F21), M1 and M2

are the masses of the stars, FR is the perturbed
acceleration resulting from considering stars as
non-spherical extended rotating interacting bodies,
and mµ is the reduced mass of the system defined
as

mµ =
M1M2

M1 + M2
. (2)

This perturbation is responsible for all the
equilibrium tidal-induced dynamical effects of
binary evolution, including orbital migration (i.e.
variation of systems semi-major axis), eccentricity
dissipation (i.e. reduction of orbital eccentricty),
and apsidal motion (i.e. time variation of the
argument of the periastron). Figure 1 illustrates the
orbital parameters of an eccentric binary system,
the apsidal motion being denfined as dω/dt.
When wanting to model the perturbed acceleration
originating from both tidal and centrifugal forces,
a modelling approach must be selected. The
most commonly employed method in the literature
is the perturbative method, which assumes that
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Figure 1: Orbital trajectory of a star in a binary system
around its center of mass. The orbit has an
eccentricity e of 0.2. The orbital plane is in red,
the gray plane is a the reference plane (i.e. the
plane of the sky), i is the inclination of the system
compared to the reference plane, Ω is the longitude
of the ascending node, Ω0 is the ascending node,
ω is the argument of the periastron, and ϕ is
the true anomaly. This figure is extracted from
[Fellay et al., 2023].

the deformations of the stars are small compared
to their radii. In practical terms, this means
that only the first-order terms are considered in
derivations. By making this assumption, the stellar
deformations and the stellar perturbed structure
can be obtained from the unperturbed structure by
solving the well-known Clairaut-Radau first order
differential equation:

r
dη`
dr

+ 6
ρ(r)
ρ(r)

(η` + 1) + η`(η` − 1) = `(`+ 1), (3)

using the boundary conditions η`(0) = `− 2. In the
Clairaut-Radau equation r is the averaged radius of
a stellar layer, ρ is its density, ρ the average density
under the selected layer and ` is the spherical order
considered of η`, which is defined as the logarithmic
derivative of the radial deformation projected onto
a spherical harmonics basis. Solving this equation
allows us to determine the radial deformation,
η`, for each star when subjected to a perturbing
potential. The non-spheroidal response of a celestial
body’s surface to a perturbation is ultimately linked
to the perturbing potential through the apsidal
motion constants, which are defined as follows

k`,1 =
1 + `− η1`(R1)

2(η1`(R1) + `)
, (4)

where R1 and R2 are the surface of the stars as
given by the unperturbed structure. Physically,

k`,1 can be interpreted as a measure of a body
surface deformability when subjected to an external
potential. The perturbation of the surface
gravitational potential of a star induced by its
companion is ultimately expressed by the following
equation:

Ψm
1`(R1) = 2k`,1

(
Ψm

2,`(R1) + Ψm
c,`(R1)

)
(5)

where Ψm
2,`(R1) is the perturbing gravitational

potential evaluated at the surface of the star
considered and Ψm

c,`(R1) is the centrifugal potential.
For these expression to be valid, the structure of
our stars have to be batropic, signifying that all
considered forces must originate from a potential.
To satisfy this requirement, the rotation of stars
must exhibit cylindrical symmetry. In this study,
we simplify the problem further by assuming that
stars have solid-body rotations, a justification of this
assumption is given is section 5.
The perturbative theory predicts that the dipolar
component of the total potential is null when
the secondary is treated as a point-mass, as
gravitational and centrifugal forces cancel out,
according to the third Kepler law. Therefore, the
dominant term of the potential is the quadrupolar
term (` = 2).
The perturbed acceleration can be decomposed as

FR = − 1
mµ

[F2′10 + F201′ + F2′1′ ] , (6)

where F2′10 is the force exerted by the quadrupolar
deformation of the secondary on the unperturbed
primary, F201′ is the force exerted by the
unperturbed secondary on the already perturbed
primary, and F2′1′ is the force exerted by the
perturbed secondary on the already perturbed
primary. The last term, F2′1′ , is a second order
term, thus neglected in the pertubative approach.
With third Newton’s law, F2′10 = F102′ , these forces
can be obtained by computing the derivative of the
dipolar potential perturbation from the quadruplar
deformation evaluated at the center of each star.
The expression of the perturbed acceleration is
finally :

FR = −2
GMtot

r2

[
k2,2

1
q

(
R2

r

)5
(

3 +
q + 1

2

(
Ω?,2

ñ

)2
)

(7)

+ k2,1q
(

R1

r

)5
(

3 +
1
2

q + 1
q

(
Ω?,1

ñ

)2
)]

,
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with q = M2/M1, Ω?,1 and Ω?,2 are respectively the
primary and secondary star’ rotation rate, and ñ is
the orbital mean rotation rate. The tidal component
of the apsidal motion of an eccentric system is
linked to the perturbed acceleration by the Gauss
planetary equation :

ω̇N ≡
dωN

dt
= −
√

1− e2

e

√
a

GMtot
〈FR cos ϕ〉, (8)

where Mtot is the total mass of the binary system
and 〈FR cos ϕ〉 is orbital time averaged perturbed
acceleration. The tidal component of the apsidal
motion of an eccentric binary system is finally
obtained by computing the time average perturbed
acceleration and is given by

dωN

dt
=

2π

Porb

[
15 f (e)

((
R1

a

)5

qk2,1 +

(
R2

a

)5 k2,2

q

)
(9)

+ g(e)

(
k2,1(q + 1)

(
Porb

P?,1

)2 (R1

a

)5

+ k2,2
q + 1

q

(
Porb

P?,2

)2 (R2

a

)5
) ]

,

with,

f (e) =
1 +

3
2

e2 +
1
8

e4

(1− e2)5 , (10)

and,

g(e) =
1

(1− e2)2 . (11)

A more thoroughly derivation of this formalism
can be found in [Kopal 1978, Fellay et al., 2023].
When observing eclipsing binary systems with
low inclination, the radii can be obtained with
high precision (σ < 1%), the orbital period can be
determined as well as the mass ratio of the binary
stars, the eccentricity of the system and the stellar
rotation periods. By observing the apsidal motion
of a system, a constrain can therefore be drawn on
the stellar structure through the k2 coefficient of
each star. The apsidal motion of eccentric binaries
has already been observed for a significant amount
of systems [Wolf et al., 2006, Wolf et al., 2008,
Wolf et al., 2010, Torres et al., 2010,
Rosu et al., 2020b, Baroch et al., 2021,
Baroch et al., 2022, Claret et al, 2021,
Marcussen & Albrecht, 2022, Rosu et al., 2022a,
Rosu et al., 2022b, Rosu et al., 2023]. Consequently,

constraints on the stellar structure can be obtained
for each of these systems. It’s important to note
that due to the degeneracy of contributions from
both stars (see Equation 9), apsidal motion alone
cannot be employed to exclusively constrain a
single star’s structure in a system. However,
in the case of twin binary systems, which
are systems composed of stars with identical
stellar properties, the constraint on apsidal
motion directly translates into a constraint on
the stellar structure. This approach can be
effectively employed to probe the microphysics
underlying our stellar models. This was done for
example in [Rosu et al., 2020b, Rosu et al., 2022a,
Rosu et al., 2022b, Rosu et al., 2023].
As previously mentioned, the apsidal motion also
has a component linked to general relativistic
corrections [Gimenez 1985] expressed as:

dωrel

dt
=

2π

Porb

3G(M1 + M2)

c2a(1− e2)
. (12)

The total apsidal motion of a system is simply the
sum of two components:

ω̇ = ω̇N + ω̇rel. (13)

3 3D non-perturbative modelling of
the tidal force and apsidal motion

In our recent works [Fellay et Dupret 2023,
Fellay et al., 2023], we developed a tool called
MoBiDICT, designed to model close binaries
using a non-perturbative approach to treat the
deformations. Our method iteratively solves
the Poisson equation (∆Ψ = 4πGρ) on a 3D
structure, allowing to obtain the gravitational
and tidal potential and deformations accounting
for the redistribution of mass within the bodies.
MoBiDICT uses conservative nature of all the
forces considered, resulting in a barotropic model
structure (i.e. the densities are constant on
equipotentials). By assuming that in a given
direction (µcrit, φcrit) each star is described by a
1D spherically symmetric input model, we can
recompose the entire 3D density profile from
the total potential (Ψtot = Ψ1 + Ψ2 + Ψc) of each
star. This method is thoroughly explained in
[Fellay et Dupret 2023]. Figure 2 illustrates the
orbital configuration and deformations of a binary
system modelled with our 3D on-perturbative
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Figure 2: Binary system configuration with
non-synchronised rotations. The system is
composed of 1 M� Main-Sequence (MS) primary
star and a 0.2 M� MS companion separated by
r = 2R1. The two grey planes are the planes of
symmetry of the systems, each rotation axis is
marked with a black line. The orbital rotation is
originating from the system centre of mass, located
inside the primary. The color code corresponds to
the surface effective gravity, the local flux emitted
by a star being a function of this quantity. This
figure is extracted from [Fellay et al., 2023]

method. The output obtained from our modelling
method are the gravitational potentials and
densities projected on spherical harmonics basis:

ρi(ri, µ, φ) =
L

∑
`=0

(`−p)/2

∑
k=0

ρm
i,`(ri)Y`,m(µ, φ), (14)

and

Ψi(ri, µ, φ) =
L

∑
`=0

(`−p)/2

∑
k=0

Ψm
i,`(ri)Y`,m(µ, φ), (15)

where L is the free parameter of our modelling
defining the maximum degree of the spherical
harmonics to be accounted for, p = 0 if ` is even,
p = 1 otherwise, and m = 2k + p. Formally, the
force excerted by the secondary on the primary star
is

F21 = −
∫

ρ1
∂Ψ2

∂x
dV1, (16)

By decomposing the densities and the forces
in unperturbed spherical symmetric terms,
respectively ρ10 and F20, and non-spherical
perturbations, respectively ρ′1 and F′2, the force
exerted by the secondary on the primary can be
rewritten as

F21 = −
∫
(ρ10 + ρ′1)(F20 + F′2) dV1. (17)

Within our formalism, the perturbed force is
obtained from the non-spherically symmetric terms
of these expansions, all the terms with ` ≥ 1.
Formally, the force exerted by the secondary on the
primary star only considering the non-spherically
symmetric terms can be rewritten as

FR = − 1
mµ

∫
ρ0

1,0Y0,0

(
L

∑
`=1

(`−p)/2

∑
k=0

Fm
2,`

)
dV1 (18)

− 1
mµ

∫ ( L

∑
`=1

(`−p)/2

∑
k=0

ρm
1,`Y`,m

)
F0

2,0dV1

− 1
mµ

∫ ( L

∑
`=1

(`−p)/2

∑
k=0

ρm
1,`Y`,m

)(
L

∑
`=1

(`−p)/2

∑
k=0

Fm
2,`

)
dV1.

with,

Fm
2,` =

∂r1

∂x1

∂Ψm
2,`Y`,m

∂r1
+

∂θ1

∂x1

∂Ψm
2,`Y`,m

∂θ1
+

∂φ1

∂x1

∂Ψm
2,`Y`,m

∂φ1
.

(19)

In Equation 19, Ψm
2,`Y`,m are quantities depending

on the grid of the secondary (r2, µ2, φ2), the
expression of their derivative with respect to
the grid of the primary star can be found in
[Fellay et Dupret 2023].
To obtain the tidal contribution to the apsidal
motion, the time average of the perturbed
acceleration have to be computed (see Equation 8).
To achieve this with our non-pertubative
methodology, we are taking snapshots of stellar
deformation at different point of the orbit to
compute the orbital time average. With this
method, merely 15 snapshots taken over half of an
orbit is sufficient to obtain a relative precision of
10−5 on the apsidal motion.

4 Comparison between
perturbative et non-pertubative
modelling

The non-pertubative and pertubative approaches
can be compared on different points. The
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apsidal motion is a direct constraint on the
modelling discrepancies and the underlying
perturbed acceleration difference. In this review,
we have chosen to focus on a specific observed twin
binary system composed of intermediate mass stars,
called PV-Cas [Torres et al., 2010, Claret et al, 2021,
Marcussen & Albrecht, 2022], whose properties are
detailed in Table 1. Using the Code Liégeois

Table 1: Orbital and stellar properties of the PV-Cas system.

Stellar Properties

M[M�] 2.78±0.08
R[R�] 2.28±0.04
Teff[K] 10200±250

Porb [days] 1.7504698±0.0000009
i [◦] 85.8
e 0.0325±0.0005
P?/Porb 1.0±0.1
ω̇ [◦cycle−1] 0.0212±0.0002

d’Evolution Stellaire [Scuflaire et al., 2006, CLES]
we built 1D stellar models reproducing all
properties of the observed twin binary systems
and using the apsidal motion as constrain on
the stellar structure. With the model obtained,
we investigated the discrepancy in FR between
the perturbative and non-perturbative approaches
as a function of the binary separation r, this
difference is illustrated in Figure 3. In this
figure, we decomposed the perturbed acceleration
discrepancy with the spherical harmonics use to
compute each component (see Equation 18). For
the perturbative approach only the dominant terms
(the quadropular terms) were taken, as justified
in section 2 while with our formalism all the
spherical harmonics were accounted for. Generally,
at low orbital separations, the corrections arising
from non-perturbative modelling start to become
non-negligible, in this case a perturbed acceleration
discrepancy of 13% can be seen before the contact
of the binaries. A closer examination of the ` = 2
terms of the decomposition in Figure 3 reveals that
most of the discrepancies are originating from the
` = 2, m = 2 term. In the ` = 2, m = 0 term
both tidal force and centrifugal force are included
while in the ` = 2, m = 2 term only the tidal force
in present. This suggests that the perturbative
approach lacks precision when modelling tidal
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Figure 3: Decomposition of the perturbed acceleration for
the PV-Cas system with the perturbative and
non-perturbative models as a function of the
system orbital separation normalised by the stellar
radii. The y − axis is the pertubed acceleration
normalized by a constant of the system, each
color represents one spherical order: the lighter
curves correspond to the perturbative model
while the darker curves correspond to the with
non-perturbative approach. The red curves are the
total of all the spherical orders.

forces at low orbital separations. In total, the
quadrupolar terms contribute to approximately
40% of the discrepancies seen. Moreover, with
our formalism the dipolar component is non-null
and contributes for approximately a quarter of the
total discrepancies. The ` = 3 components are
finally contributing for 35% of the discrepancies,
while higher order terms have near negligible
contributions. In terms of apsidal motion, for
the system PV-Cas with the observed orbital
parameters, the contribution from non-perturbative
modelling reaches 3%. This correction is of the
same order of magnitude as the general relativistic
corrections. By adding the non-perturbative
corrections to the apsidal motion into the stellar
modelling procedure we saw that the stellar model
required more extra mixing to reproduce the
apsidal motion. The extra mixing in stellar interior
corresponds to a transport of chemicals and angular
momentum, therefore needing extra mixing signify
that a process acts in stellar interior to transport
material. As [Rosu et al., 2020b, Rosu et al., 2022a,
Rosu et al., 2022b, Rosu et al., 2023] showed, the
extra mixing required to reproduce the observed
apsidal motion of several systems was already
important, our modelling did not correct this
effect but rather exacerbated it. The missing
transport process could be linked to rotations or
propagations of waves within the stellar interior.
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More comparisons between the two modelling
techniques can be found in [Fellay et al., 2023].

5 Discussion and Conclusion

In our comparison of the two modelling methods
in [Fellay et al., 2023], we determined that for
an orbital separation of a(1 − e2)/R1 < 6.5 a
discrepancy of at least 2% can be found in the
apsidal motion for any type binary system. To
assess implication of our results on the population
of observed binaries with apsidal motion, we
constructed a comprehensive catalogue of such
systems. In total, our catalogue includes 61 systems,
encompassing all systems with constraints on
their stellar parameters and observed apsidal
motion found in the literature. These systems
were obtained by merging two recent catalogues
of observed binary systems [Claret et al, 2021,
Marcussen & Albrecht, 2022] with apsidal
motion to systems from various literature
sources [Wolf et al., 2006, Wolf et al., 2008,
Wolf et al., 2010, Torres et al., 2010,
Rosu et al., 2020b, Baroch et al., 2021,
Baroch et al., 2022, Rosu et al., 2022a,
Rosu et al., 2022b, Rosu et al., 2023] where
determinations of stellar and orbital parameters
were available. In Figure 4 we illustrate the tidal
contribution to the apsidal motion against the
parameter a(1− e2)/R1 of each observed system
of the catalogue. At short orbital separations,
the apsidal motion is dominated by the tidal
component, while at high orbital separation the
systems are observed with an apsidal motion
primarily due to the contributions of general
relativity. Given that most of the uncertainties
in the modelling can be attributed to the tidal
component, systems with a low tidal contribution
to the apsidal motion yield worst constraints on
the stellar structure. This increase in uncertainties
at high orbital separation is illustrated with the
error bars in Figure 4. Consequently, systems
with low orbital periods provide the most
reliable constraints on the stellar structure. Our
results demonstrates that, particularly at short
orbital periods, the conventional approaches to
modelling tidal perturbations and apsidal motion
lack precision, introducing biases into studies
conducted for these systems. Approximately 40%
of the observed systems in our catalogue have at
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Figure 4: Repartition of the tidal contribution to the apsidal
motion as a function of the orbital separation of the
observed binary systems from our catalogue. The
blue dots correspond to massive binaries, the yellow
points are intermediate mass binary stars, and the
red dots are low-mass stars. For this diagram, the
primary was chosen as the most massive star in the
system.

least a 2% correction of the apsidal motion from the
non-perturbative modelling, a correction greater
than the uncertainties from observations. For the
low-mass stars, we showed in [Fellay et al., 2023]
that these discrepancies can reach up to 70% and
45% for evolved intermediate mass stars.

The discrepancies observed between our
non-perturbative method and classical modelling
procedures do not only affect the apsidal motion
but also all the orbital dynamics of the system.
Given the underestimation of the tidal force,
all aspects of stellar evolution are influenced
by an underestimation of tidal dissipation, and
consequently the tidal orbital migration and
circularision. Such modifications in the dynamical
interactions of binary systems can directly
impact the remnants of massive binary systems,
influencing our understanding of the formation
processes of close binary black holes. Consequently,
our work has the potential to significantly influence
the outcomes of population synthesis studies, as
these studies are closely tied to the physics of
stellar interactions.

Another main implication of our work concerns
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the modelling and understanding of mass transfer
and phases of common envelope in binary
systems. Such systems are in the regime were
non-perturbative corrections are most significant,
introducing variations in the tidal force of at least
tens of percent. The modelling of these phases
is already dependent on many free parameters,
additional uncertainties in the classical models is
predicted by our modelling during these crucial
phases of binary evolution. In the future, our
non-perturbative approach could be adapted to
model the structure and interactions of contact
binaries.

One of the primary limitations of both our
method and perturbative models is the assumption
of solid-body rotation. For single stars, such an
assumption is not always justified as differential
rotation appears and changes along with stellar
evolution. However, in binary systems, as
mentioned earlier, significant extra mixing appears
due to stellar interactions, reducing the differential
rotation in interacting bodies. The subject of
angular momentum transport processes in binary
systems is a complex and extensive area of research
that warrants further investigation.
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